QMW-93-2 
hep-th/9302110 
February 1993 



LECTURES ON W -GRAVITY, 
W -GEOMETRY AND W -STRINGS 



C. M. Hull 



Physics Department, Queen Mary and Westfield College, 
Mile End Road, London El 4NS, United Kingdom. 



ABSTRACT 

Classical W-gravities and the corresponding quantum theories are reviewed. 
W-gravities are higher-spin gauge theories in two dimensions whose gauge algebras 
are W-algebras. The geometrical structure of classical W-gravity is investigated, 
leading to surprising connections with self-dual and special geometry. The anoma- 
lies that arise in quantum W-gravity are discussed, with particular attention to the 
new types of anomalies that arise for non-linearly realised symmetries and to the 
relation between path-integral anomalies and non-closure of the quantum current 
algebra. Models in which all anomalies are cancelled by ghost contributions lead 
to new generalisations of string theories. 



★ Lectures given at the Trieste Summer School in High Energy Physics and Cosmology, 1992. 



1. Introduction 

Infinite-dimensional symmetry algebras play a central role in two-dimensional 
physics and there is an intimate relationship between such algebras and two- 
dimensional gauge theories or string theories. Perhaps the most important ex- 
ample is the Virasoro algebra, which is a symmetry algebra of any two dimen- 
sional conformal field theory. This infinite-dimensional rigid symmetry can be 
promoted to a local symmetry (two-dimensional diffeomorphisms) by coupling the 
two-dimensional field theory to gravity, resulting in a theory that is Weyl-invariant 
as well as diffeomorphism invariant. The two-dimensional metric enters the theory 
as a Lagrange multiplier imposing constraints which satisfy the Virasoro algebra, 
and the Virasoro algebra also emerges as the residual symmetry that remains after 
choosing a conformal gauge. The quantisation of such a system of matter coupled 
to gravity defines a string theory and if the matter system is chosen such that the 
world-sheet metric decouples from the quantum theory (i.e. if the matter cen- 
tral charge is c = 26), the string theory is said to be critical [1]. Remarkably, the 
introduction of gravity on the world-sheet leads to a critical string theory which 
leads to gravity in space-time. 

The situation is similar for each of the cases in the following table. 
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In the first column are extended conformal algebras, i.e. infinite dimensional al- 
gebras that contain the Virasoro algebra. Each algebra is generated by a set of 
currents, whose spins are labelled in the second column. Each algebra can arise 
as the symmetry algebra of a particular class of conformal field theories e.g. the 
super- Virasoro algebra is a symmetry of super-conformal field theories while the 
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topological Virasoro algebra is a symmetry of topological conformal field theories. 
For such theories, the infinite-dimensional rigid symmetry of the matter system 
can be promoted to a local symmetry by coupling to the gauge theory listed in 
the third column. In this coupling, the currents generating the extended conformal 
algebra are coupled to the corresponding gauge fields in the fourth column. In each 
case, the gauge fields enter as Lagrange multipliers and the constraints that they 
impose satisfy the algebra given in the first column. Finally, integration over the 
matter and gauge fields defines a generalisation of string theory which is listed in 
the last column. In general, the gauge fields will become dynamical in the quantum 
theory, but for special choices of conformal matter system (e.g. c = 26 systems for 
the bosonic string, c = systems for the topological string or c = 15 systems for 
the N — 1 superstring), the string theory will be 'critical' and the gauge fields will 
decouple from the theory. A row can be added to the table corresponding to any 
two-dimensional extended conformal algebra. 

The subject of these lectures is the set of models corresponding to the last row 
of the table. A W-algebra might be defined as any extended conformal algebra, i.e. 
a closed algebra that satisfies the Jacobi identities, contains the Virasoro algebra as 
a subalgebra and is generated by a (possibly infinite) set of chiral currents. Often 
the definition of W-algebra is restricted to those algebras for which at least one of 
the generating currents has spin greater than 2, but relaxing this condition allows 
the definition to include all the algebras in the table and almost all of the results 
to be reviewed here apply with this more general definition. However, many (but 
not all) interesting W-algebras contain a spin-three current, and for this reason 3 is 
included as a typical higher spin in the W-algebra entry in the table. For a review 
of W-algebras and their applications to conformal field theory, see [3]. 

The simplest W-algebras are those that are Lie algebras, with the generators 
t a (labelled by an index a which will in general have an infinite range) satisfying 
commutation relations of the form 

Kh] = fab% + C ab (1.1) 
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for some structure constants f a (, c and constants c a b, which define a central extension 
of the algebra. However, for many W-algebras, the commutation relations give a 
result non-linear in the generators 



and the algebra can be said to close in the sense that the right-hand-side is a 
function of the generators. Most of the W-algebras that are generated by a finite 
number of currents, with at least one current of spin greater than two, are non- 
linear algebras of this type. Classical W-algebras for which the bracket in (1.2) 
is a Poisson bracket are straightforward to define, as the non-linear terms on the 
right-hand-side can be taken to be a product of classical charges. For quantum W 
-algebras, however, the bracket is realised as a commutator of quantum operators 
and the definition of the right-hand-side requires some normal-ordering prescrip- 
tion. The complications associated with the normal-ordering mean that there are 
classical W-algebras for which there is no corresponding quantum W-algebra that 
satisfies the Jacobi identities [6]. At first sight, it appears that there might be a 
problem in trying to realise a non-linear algebra in a field theory, as symmetry al- 
gebras are usually Lie algebras. However, as will be seen, a non-linear algebra can 
be realised as a symmetry algebra for which the structure 'constants' are replaced 
by field-dependent quantities. 

Consider a field theory in flat Minkowski space with metric r\^ v and coordinates 
x°, x 1 . The stress-energy tensor is a symmetric tensor T^ v which, for a translation- 
invariant theory, satisfies the conservation law 



A spin-s current in flat two-dimensionsal space is a rank-s symmetric tensor 



[ta, h] = fab C tc + C a b + 9ab t c td + ■■■ = F ab (t c ) 






3 



d^W^ 2 ..^=0 (1.4) 

A theory is conformally invariant if the stress tensor is traceless, = 0. In- 
troducing null coordinates x ± = -^( x ° i^ 1 ), the tracelessness condition becomes 
T + _ = and (1.3) then implies that the remaining components T±± satisfy 

<9+T__ = 0, <9_T ++ = (1.5) 

If a spin-s current W^ lM2 ... Ms is traceless, it will have only two non-vanishing com- 
ponents, W++...+ and W The conservation condition (1.4) then implies that 

8-W++...+ = 0, d+W— = (1.6) 

so that = W ++ ,„ + (x + ) and W = W ...-(a; - ) are right- and left- 

moving chiral currents, respectively. For a given conformal field theory, the set of 
all right-moving chiral currents generate a closed current algebra, the right-moving 
chiral algebra, and similarly for left-movers. The right and left chiral algebras 
are examples of W-algebras but are often too large to be useful. In studying 
conformal field theories, it is often useful to restrict attention to all theories whose 
chiral algebras contain a particular W-algebra; the representation theory of that W 
-algebra then gives a great deal of useful information about the spectrum, modular 
invariants etc of those theories and may lead to a classification. 

A field theory with action So and symmetric tensor conserved currents 
T^u, Wf^^ 2 (where A — 1, 2, . . . labels the currents, which have spin sa) will be 

* Recall that, in two dimensions, any tensor can be decomposed into a set of symmetric 
tensors, e.g. = V( M „) + Ve^ where V = |e MI/ V^„. Thus without loss of generality, all 
the conserved currents of a given theory can be taken to be symmetric tensors. A rank-s 
symmetric tensor transforms as the spin-s representation of the two-dimensional Lorentz 
group. 
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invariant under rigid symmetries with constant parameters fc^, \^ 2 '"^' SA ~ 1 (trans- 
lations and 'W-translations') generated by the Noether charges Pfi,Q^ lfJj2 ...^ SA _ 1 
(momentum and 'W-momentum') given by = Jdx^To^ and Q^ lfl2 fJ , SA _ 1 = 
Jdx ^^^^ Msa _ 1 o- This is true of non-conformal theories (e.g. affine Toda the- 
ories) as well as conformal ones. However, if the currents are traceless, then the 
theory is in fact invariant under an infinite dimensional extended conformal sym- 
metry. The parameters \^2~-^s A -i arg ^ven traceless and the corresponding trans- 
formations will be symmetries if the parameters are not constant but satisfy the 
conditions that the trace-free parts of d^ v k^\ q{v\^ 2 '"^ sa ^ are zero. This im- 
plies that d^zk^ = and d^X^ 1 '"^ = so that the parameters are 'semi-local', 
k^ = k^^x^) and X^'"^ 1 = A^ ± '" ± (ar l= ) and these are the parameters of conformal 
and 'W-conformal' transformations. 

The rigid symmetries corresponding to the currents T^^W^^ ^ can be 
promoted to local ones by coupling to the W-gravity gauge fields W , b^ 2 '"^^ 
which are symmetric tensors transforming as 

Sh^ = d^k^ + . . . , §B^ 2 -^ = ^ A mi^-m s -i) + _ _ ^ ( L7 ) 

to lowest order in the gauge fields. The action is given by the Noether coupling 

S = S + jd 2 x (V%. + B^ sa W^ sa ) + ... (1.8) 

plus terms non-linear in the gauge fields. If the currents T^, Wj^ lfX2 fIs are traceless, 
i.e. if there is extended conformal symmetry, then the traces of the gauge fields 
decouple and the theory is invariant under Weyl and 'W-Weyl' transformations 
given to lowest order in the gauge fields by 

ShT = SlrT + ..., sb^ 2 -^ = q^-^-'^-i^) + _ (L9) 

where Q(x v ), Q^ 2 -^- 2 (x u ) are the local parameters. This defines the linearised 
coupling to W-gravity. The full non-linear theory is in general non-polynomial in 
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the gauge fields of spins 2 and higher. The non-linear theory can be constructed 
to any given order using the Noether method, but to obtain the full non-linear 
structure requires a deeper understanding of the geometry underlying W-gravity. 

This review falls into three main parts. In the first part (chapters 2-5) classical 
W-algebras and W-gravity will be discussed. In the second part, (chapter 6), 
a geometric approach will be used to obtain the full non-linear structure of a 
particular W-gravity theory. In the final part, (chapters 7-10) the quantisation 
of W-gravity coupled to W-matter will be investigated and the anomaly structure 
described. These results will then be used to consider the construction of string 
theories based on W-algebras. 

2. Classical W -Algebras 

Consider a set S of classical right-moving chiral currents T(x + ) = 

T ++ (x + ), W(x + ), ... of spins 2, sw, As the currents are classical, there is no 

problem in defining products of currents. Suppose there is also a (graded) anti- 
symmetric bracket product [A, B] defined on the set of currents. The main example 
that will be of interest here is that in which the currents arise from some classical 
field theory and the bracket is the Poisson bracket in a canonical formalism in 
which x~ is regarded as the time variable. The current T satisfies the conformal 
algebra if 

[T(x + ),T(y + )] = -S'(x+ - y + )[T(x + ) + T(y + )] + ^S"'(x+ - y+) (2.1) 

in which case its modes L n generate the Virasoro algebra with central charge c. A 
current W is said to be primary of spin sw if 

[T(x+), W(y+)} = -5'(x+ - y + )[W(x+) + (s w - l)W(y+)] (2.2) 

The set S of currents will generate a W-algebra if the bracket of any two currents 
gives a function of currents in S and if the bracket satisfies the Jacobi identities. 
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Consider first the case in which there are just two currents, T and W, where W 
is primary of spin s = sw- For simplicity, suppose that c = (at least classically) 
and that the [W, W] bracket takes the form 

[W(x+), W{y+)] = -2k5'(x+ - y + )[A(x+) + A{y+)] (2.3) 

for some A, where k is a constant. If the algebra is to close, the current A must 
be a function of the currents T, W and their derivatives. If s = 3, then A is a 
spin-four current and the Jacobi identities are satisfied if 

A = TT (2.4) 

The algebra then closes non-linearly to give a certain classical limit of the W3 
algebra of Zamolodchikov [18]. (In the limit k — > 0, this contracts to a linear 
algebra [6, 22].) 

For s > 3, the algebra will again close and satisfy the Jacobi identities if A 
depends on T, W but not on their derivatives. If s is even, the most general such 
A is of the form 

A = aT 8 " 1 + I3WT 8 ' 2 - 1 (2.5) 

for some constants a, (3, while if s is odd, such a A must be of the form (2.5) with 
(3 = 0. The algebra given by (2.1), (2.2), (2.3) and (2.5) is the algebra W s/s _ 2 of ref. 
[6]. For s = 3, it is a classical limit of the W3 algebra while for s = 4 and s = 6 it 
is a classical limit of the quantum algebras conjectured to exist by Bouwknegt [23] 
and constructed in [24,25]. For all other integer values of s(> 4), the argument of 
Bouwknegt [23] shows that there can be no quantum operator algebra that satisfies 
the Jacobi identities for generic values of the Virasoro central charge and for which 
(2.1), (2.2), (2.3), (2.5) is a classical limit. 

A large number of W-algebras are now known. The Wat algebra [20,21] has 
currents of spins 2, 3, ... ,N (so that W2 is the Virasoro algebra), the Woo [26,27] 
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algebra has currents of spins 2, 3, . . . , oo while the Wi+oo algebra [27] has currents 
of spins 1, 2, 3, . . . , oo. Each of these algebras is a classical limit of a quantum 
algebra. The classical algebra Wn/m has currents of spins 2,2 + M, 2 + 2M, 2 + 
3M, ...,N and W^/m has currents of spins 2, 2 + M, 2 + 2M, 2 + 3M, . . . , oo [6] and 
these algebras are not limits of quantum W-algebras in general. There is an algebra 
WG associated with any Lie group G and the algebra associated with SU(N) is 
the Wjv algebra refered to above [20,21]. 

3. Field Theory Realisations of W -Algebras 

Consider a theory of D free scalar fields 4> l (i — 1, . . . , D) with action 

S = Jd 2 x d+ftd-ft (3.1) 

where the two-dimensional space-time has null coordinates x^ = (x + , x~) which are 
related to the usual Cartesian coordinates by x ± = ■^(x°±x 1 ). The stress-energy 
tensor 

T++ = \d + fd + f (3.2) 

is conserved, d-T ++ = 0, and generates the Poisson bracket algebra (2.1) with 
c = (in a canonical treatment regarding x~ as time [28]) which is the conformal 
algebra with vanishing central charge. For any rank-s constant symmetric tensor 
di 1 i 2 ...i s one can construct a current 

W++...+ = - s d ili2 ... ts d+rd +( p i2 . . . d+f* (3.3) 

which is conserved, d-W = 0, and which is a spin-s classical primary field, i.e. its 
Poisson bracket with T is given by (2.2). The Poisson bracket of two W's is (2.3), 
where A is given by 

A = ^4..i m 4..imd+^ • • • 0+^0+^ . . . d + <j> 1 (3.4) 

(the indices . . . are raised and lowered with the flat metric <5y). 
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Consider first the case s = 3. In general, closing the algebra generated by T, W 
will lead to an infinite sequence of currents (T, W, A, . . .). However, if A = T 2 , for 
some constant k, then the algebra closes non-linearly on T and W, to give the 
classical WValgebra of the last chapter. 

In [4], it was shown that for any number D of bosons, the necessary and 
sufficient condition for (2.4) to be satisfied and hence for the classical W3 algebra 
to be generated is that the 'structure constants' dijk satisfy 

d(ij m d k )i m = kS^jS^i, (3.5) 

This rather striking algebraic constraint has an interesting algebraic interpretation* 
It implies that the d^ are the structure constants for a Jordan algebra (of degree 
3) [32] which is a commutative algebra for which (3.5) plays the role of the Jacobi 
identities. Moreover, the set of all such algebras has been classified [33], allowing 
one to write down the general solution to (3.5) [32]. In particular, (3.5) has a 
solution for any number D of bosons. Examples of solutions to (3.5) are given for 
D — 1 by dm — ^ and for D = 8 by taking d^ proportional to the <i-symbol for 
the group SU(3) [4]. For D = 2, the construction of [19] gives a solution of (3.5) 
in which the only non-vanishing components of d^k are given by d\\2 = —k and 
diii = k, together with those related to these by symmetry. 

The conserved currents T, W correspond to the invariance of the free action So 
under the conformal symmetries 

= k-d+ft + \—d i jk d + <tPd + (t) k (3.6) 

where the parameters satisfy 

d_k^ = 0, <9_A__ = 0. (3.7) 

Symmetries of this kind whose parameters are only functions of x + (or only of x~) 

-k This identity has in fact occurred at least once before in the physics literature, in the study 
of five-dimensional supergravity theories [31]. 
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will be referred to here as semi-local. The symmetry algebra closes to give 

[S kl + S Xl , h 2 + h 2 ] = h 3 + $\ 3 (3.8) 

where 

h = [k 2 d + h + 4/t(A 2 9 + Ai)T ++ ] - (1^2) 

(3.9) 

A 3 = [2A 2 <9+A;i + hd+\i] - (1 <-> 2) 

In particular, the commutator of two A transformations is a field-dependent k- 
transformation, which is precisely the transformation generated by the spin four 
current A = TT. The gauge algebra structure 'constants' are not constant but 
depend on the fields through the current T, reflecting the TT term in the current 
algebra. 

The situation is similar for s > 3. The algebra will close, i.e. (2.5) will be 
satisfied, if the rf-tensor in (3.3) satisfies a quadratic constraint [6] and again this 
constraint has an algebraic interpretation [6] . The k and A-transformations become 

5^ = kd+f + Ar/ ; „ ,r7.,/ ...<).<:/ ' (3.10) 

where the parameters satisfy d-k — 0, d-X — 0. The symmetry algebra again has 
field dependent structure 'constants'. 

More generally, any set of constant symmetric tensors df- k labelled by some 
index A can be used to construct a set of conserved currents 

= dfi^d+Pd+P . . . d + <p k (3.11) 

which are classical primary fields, i.e. their Poisson bracket with T is (2.2). The 
current algebra will close if the d A tensors satisfy certain algebraic constraints 
and the Jacobi identities will automatically be satisfied as the algebra occurs as 
a symmetry algebra. In this way, a large class of classical W-algebras can be 
constructed by seeking oP^-tensors satisfying the appropriate constraints. D boson 
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realisations of the Wjv algebras were constructed in this way in ref. [6], where 
it was shown that the Wjv (i-tensor constraints had an interpretation in terms of 
Jordan algebras of degree N, and this again allowed the explicit construction of 
solutions to the ci-tensor constraints. These realisations of classical c = algebras 
can be generalised to ones with c > by introducing a background charge aj, so 
that the stress tensor becomes T = d + (f) l d + (f) 1 + aid\^ 1 and adding appropriate 
higher derivative terms (i.e. ones involving d™(j) % for m > 1) to the other currents. 
The clasical central charge becomes c = a 2 /12, and for the N — 1 boson realisation 
of Wn, the structure of the higher derivative terms in the currents W n can be 
derived using Miura transform methods [21,20]. 

Another important realisation of classical W-algebras is as the Casimir algebra 
of Wess-Zumino-Witten (WZW) models [7]. For the WZW model corresponding 
to a group G, the Lie-algebra valued currents J + = g~ 1 d + g generate a Kac-Moody 
algebra and are (classical) primary with respect to the Sugawara stress-tensor 
T = 7}tr(J + J + ). Similarly, the higher order Casimirs allow a generalised Sugawara 
construction of higher spin currents tr(J+). For example, for G = SU(N) the 
set of currents W n = ^tr(J^) for n — 2, 3, . . . , N generate a closed algebra which 
is a classical WV algebra [7]; similar results hold for other groups. Quantum 
mechanically, however, the Sugawara expressions for the currents need normal 
ordering and must be rescaled [30,29]. For example, in the case of SU(3), the 
quantum Casimir algebra leads to a closed W-algebra (after a certain truncation) 
only in the case in which the Kac-Moody algebra is of level one [29] . 

W-algebras also arise as symmetry algebras of many other field theories, in- 
cluding Toda-theories [21], free-fermion theories [7] and non-linear sigma-models 
[4,34], giving corresponding realisations of W-algebras. 
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4. Gauging W - Algebras 

In this chapter, the gauging of W-algebras will be discussed, that is the coupling 
of a W-conformal field theory to W-gravity gauge fields so that the extended con- 
formal symmetry is promoted to a local 'W-diffeomorphism' symmetry. Consider 
first the simple example of the free scalar field theory with action Sq (3.1) which 
is invariant under the chiral W3 transformations (3.6) generated by the currents 
T ++ = 7j<9 + 0*<9 + 0* and = ^d + (f)' l d + (f>'d + (f) k , where the tensor d^ satisfies 
(3.5) so that the symmetry algebra closes to give (3. 8), (3. 9). If the symmetry pa- 
rameters k-, A are taken to be local, i.e. the conditions (3.7) are dropped, then 

the action (3.1) varies under (3.6) to give 

SS = Jd 2 x (T ++ <9_A;_ + W +++ d-\—) (4.1) 

and this can clearly be cancelled by introducing gauge fields h = h , B = B 

transforming as 

5h__ =d-k- + ..., 55— = <9_A__ + ... (4.2) 

and adding to the action (3.1) the Noether coupling [4] 

Si = - Jd 2 x (h—T++ + B W+++) . (4.3) 

The action is then invariant to lowest order in the gauge fields. Remarkably, terms 
of higher order in the gauge fields can be added to the transformations (4.2) in 
such a way that the linear action Sq + S\ is fully gauge invariant; surprisingly, no 
non-linear terms are needed in the action [4]. The total action S = So + S\ is 
invariant under (3.6) together with 

Sh =d-k- + k-d + h — h d+k- 

+ 2k (A__<9 +j B___ - fi___a+A__) T ++ 

(4.4) 

=<9_A__ + 2A__<9+/i__ - /*__<9+A__ 

- 2B—d+k^ + k^d+B 

This is the action for the coupling of the free scalar field theory to chiral W3 
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gravity [4]. The gauge fields are Lagrange multipliers imposing the constraints 
T = 0, W = and these constraints satisfy the algebra (2.1), (2.2), (2.3), (2.4). 
The gauge algebra is still given by (3.8) and (3.9), up to terms that vanish when the 

classical equations of motion are satisfied. However, as T = is the h equation 

of motion, the symmetry algebra (3.8) is equivalent on-shell to the simpler one 
obtained by setting T = in (3.8), so that two A transformations commute up 
to equations of motion. This simpler algebra corresponds to the commutation 
relations (2.1), (2.2) and 

[W(x + ),W(y+)] = (4.5) 

While the previous algebra given by (2.1), (2. 2), (2.3), (2.4) only had a maximal 
finite subalgebra of SX(2,]R) (generated by the modes Lq,L±i), the algebra in 
which (2.3) is replaced by (4.5) has an interesting finite subgroup of JSX(2,IR), a 
group contraction of SL(3, 1R) (generated by the modes Lq, L±\, Wq, W±i, W±2). 

So far only a right-handed W-algebra has been gauged. Gauging the left- 
handed reparameterisations generated by T = ^d-^d-tp 1 by introducing a 

gauge field h ++ leads to a 'heterotic' model in which a right-moving W3 algebra 
and a left-handed Virasoro algebra are gauged [4]. To gauge both a left-handed 
and a right-handed W3 algebra requires a further spin-three gauge field cor- 
responding to the current W = ^dij}~d-(f) i d-(f>i d-(f) k . The action is given by 

S = So + S\ + . . . plus terms of quadratic order and higher in the gauge fields, 
where S\ is the Noether coupling 

Si = - Jd 2 x (h—T++ + h++T— + B W+++ + B+++W-) (4.6) 

The full action can then be constructed iteratively using the Noether method. 
However, this requires an infinite number of steps as the action is non-polynomial 
in h±± and in B±±±d T (p l , both of which have zero (world-sheet) dimension (as 
B±±± has dimension —1 and d(j) has dimension +1) [4]. 
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The gauge fields h , B are the components of traceless gauge fields 
h) w ', B^ vp and the action given by adding (4.6) to <So can be rewritten as (1.8). The 
tracelessness condition on the gauge fields can be dropped and traces , Z? ±H 
formally introduced. However, they were not needed for the linearised action, 
which is consequently invariant under the linearised W-Weyl transformations (1.9), 
or equivalently 5h + ~ = f2, 5B ±+ ~ = Q ± . Indeed, the traces are not needed at all 
in the classical theory, i.e. there is a non-linear form of the W-Weyl symmetry. 
However, if there are anomalies, this need not be the case in the quantum theory. 

This example is typical of the general case. Consider any classical conformal 
field theory with a W-algebra symmetry, (e.g. a free boson or fermion model, 
a non-linear sigma model, a Wess-Zumino-Witten model, a coset model, a Toda 
model,...). Let the classical action be So and the currents generating the W-algebra 
be W + a, W^a labelled by some index A and satisfying the chiral conservation laws 
d-W + A = 0, d + W^A — 0. To gauge a chiral W-algebra, say the right-handed one 
generated by the currents W + a alone, a gauge field h +A is introduced for each 
current and adding the Noether coupling gives the linearised action 

S = So + [ d2x h+A W+A (4.7) 

It was seen in the case of chiral W3 that no higher order terms are needed and 
that this action was fully gauge invariant. Remarkably, it can be shown that this 
is the case in general and that for any classical conformal field theory and any 
chiral W-algebra, the full gauge-invariant action is linear in the gauge fields and 
given simply by the Noether coupling [7]. To gauge both left and right-handed 
W- algebras, one introduces gauge fields h +A and hr A . In this case, adding the 
Noether coupling does not give a gauge-invariant theory in general and the full 
theory is non-polynomial in the gauge fields. To lowest order it is given by 

S = S + J2 [ d2x [ h+Aw +A + h~ A W- A + 0(h 2 )] (4.8) 
A J 

and the higher order corrections can be calculated to any given order in the gauge 
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fields using the Noether method. Nevertheless, it will be seen in the next chapter, 
that the non-chiral gaugings can be written in a type of canonical formalism in 
which the gauged action is given by a Noether coupling. However, the canonical 
momenta cannot be eliminated in closed form so that this approach only gives an 
implicit form of the action. 

5. Canonical Construction of Non-Chiral W -Gravity 

We now turn to the full non-linear structure of the non-chiral W-gravity cou- 
pling, and again the example of the free boson realisation of W3 will be used. 
There are two canonical-style approaches which give a simple but implicit form of 
the action. The first is a conventional Hamiltonian treatment [14]. The free action 
(3.1) can be written in first-order form as 



So = d 2 x 



(5.1) 



with r = x°, a = x 1 . The momentum tt 1 is an auxiliary field that can be eliminated 
using its equation of motion 7r* = <9 r 0* to recover (3.1). The currents defined by 

r±±(n)=lir ± i4, ^ ±±± (n)=^ninin! (5.2) 

where 

n*±=^= (tt* ± d a p) (5.3) 

generate a Poisson bracket algebra consisting of two copies of the classical W3 
algebra given in chapter 2. The first-class constraints 

T±±(n) ~ , w±±±(n) ~ (5.4) 

can then be imposed using Lagrange multipliers /i ±=l= , £> ±±=l= , so that the action is 
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given by 



S=S Q - Jd 2 x [h ++ T++(U)+h— T—(U)+B +++ W +++ (U)+B W (n)] 

(5.5) 

Here, So is the free action given by (5.1). After shifting the fields h ±i: — > /i ±=b + 1, 



■ Jd 2 x [V. 



d T <p l - h ++ T ++ (U)-h—T^(U) 
B +++ W +++ (U)-B—W—(U)] 



(5.6) 



This gives the complete coupling of scalar fields to non-chiral W3 gravity in Hamil- 
tonian form. However, although the field equations for the momenta tt 1 are still 
algebraic, they are difficult to solve in closed form, so that eliminating the mo- 
menta is problematic. However, they can be solved to any given order in the gauge 
fields, and the solution can then be used to find the Lagrangian form of the action 
to that order in the gauge fields. 

The action given by (5. 5), (5. 6) is an example of a first class action of the form 



S= dr 



p a d T q a -\ A G A (5.7) 



where the coordinates q a (r) and momenta p a (j) correspond to <f> l (cr, r) and 7Tj(<7, r) 
respectively, with the index a representing both the discrete index i and the contin- 
uous variable a, so that summation over a corresponds to summation over i and in- 
tegration over a. The Lagrange multipliers X A (t) correspond to h ±± (a), B ±±± (a) 
and impose the constraints Ga ~ 0, corrsponding to (5.4). Suppose the Poisson 
bracket algebra generated by the constraints closes to give 

{G A ,G B }=f AB c G c (5.8) 

for some Jab , which may depend on the phase space variables. In our example, 
(5.8) is just the classical W3 algebra. 
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Any action of the form (5.7) where the constraints satisfy (5.8) is invariant 
under the following local symmetries with parameter a A (r) 



5p a =a A {G A ,p a }, 5q a =a A {G A ,q a } (5.9) 



5\ A =d T a A -f BC A \ B a c (5.10) 

These then give the W3 gravity symmetries of the action (5.6), which are given 
explicitly in [14]. 

The Hamiltonian approach has the disadvantage that two-dimensional Lorentz 
covariance is not manifest. A related method which does maintain covariance was 
found by Schoutens, Sevrin and van Nieuwenhuizen in [5]. This method, which 
was found before the Hamiltonian one described above, was motivated by a careful 
study of the terms that occur in the order-by-order construction of the action [5]. 
Instead of a single momentum n l conjugate to each 0*, a covariant vector 7r^ is 
introduced. The free action So can then be written as 

S = Jd 2 x (-^d+ftd-i? - Tr^vri + n^d-ft + nld+ijf) (5.11) 



The n field equation is algebraic: 

5So_ 

5n l ± 



7 r^ = 9 ± i (5.12) 



so that the 71^ are auxiliary fields. Using (5.12) to eliminate the auxiliary fields 
(i.e. setting n % ± = d±4> 1 ), the action reduces to the usual free form (3.1). The next 
step is to introduce '7r-currents' T(ii),W{it) 

T±±{tt) = W±±±{<k) = ^^^444 (5.13) 

Adding the Noether coupling 

S x = - Jd 2 x [/i__T ++ (tt) + /i ++ T__(tt) + B—W +++ {u) + B +++ W—{u) 

(5.14) 

to (5.11) imposes the constraints that the 7r-currents vanish. 
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This Noether coupling turns out to be all that is needed to give a gauge- 
invariant theory. The complete action is then [5] 



- l -h— 44 - ^h+^iiri (5-15) 

- ■^B +++ d ijk 7T l _7T j _7l k _ - -B dy/ c 7T+ 7r + 7r +) 

(This form of the action is a generalisation of one given in [11] and is related to 
the action of [5] by field redefinitions.) This action is invariant under the diffeo- 
morphisms and A-transformations 

Sft =fc_4 + A 6^7^71-+ + (+<->-) 

Sh±± =d±k± + k±d T h±± — h±±d T k± 

+ 2kT tt (U) (\ ±± d T B ±±± - B±±± d T \ ±± ) 

(5.16) 

6B±±± =<9 ± A ±± + 2X ±± d T h ±± - h ±± d T X ±± 
- 2B±±±d T k± + k± d T B ±±± 
Stt^ = d± (k T n± + A TT (f j-^t*) 

where T±±(U) = \t[\ l ti\. The field equation for the auxiliary fields is algebraic 

4 = d ± f - ^±±4 - £±±±^44 (5.17) 

but difficult to solve for 7r in closed form, so that again there is not a closed form 
for the action without 7r's. Nevertheless, one can solve for it to any given order 
in the gauge fields and the result agrees with that obtained by using the Noether 
method to find the corrections to (3.1), (4. 6) to that order in the gauge fields. 

To obtain a better understanding of these actions, it may be useful to consider 
setting the spin-three gauge-fields to zero in the actions considered above to obtain 
the coupling to pure (spin-two) gravity, which can then be compared with the 
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conventional minimal coupling to gravity. The Noether coupling approach gives 
the action 



S n = Jd 2 x [d+tfd-ft - ^h+j-d-ftd-ft - ^h—d+fd+f + 0{h 2 )j (5.18) 

Although one could calculate some of the higher order corrections to this and 
attempt to guess the general form, this is clearly not the best way of finding the 
coupling of a scalar field to gravity. The approach of [5] gives 



(5.19) 



and the n field equation is 

t4 = d ± (j) i - h ±± 7r l T (5.20) 
which can be solved explicitly to give 



d±4> % — h±±d^ M ' 
1 — h h++ 



Substituting (5.21) into (5.19) gives the complete non-polynomial form of the action 

S = [d 2 x - - — [(1 + h ++ h—)d+<f) i d-(f> i - h—T++ - h++T—] (5.22) 

J 1 — h ++ h — L J 

This gives the full non-linear corrections to (5.18). 
Similarly, the Hamiltonian approach gives 

S = Jd 2 x [nidr^ - h ++ T ++ (U)-h— T__(n)] (5.23) 

and the momenta can again be eliminated explicitly to give a non-polynomial action 
similar to (5.22). 
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Of course, most people would prefer to use a little geometry and write down 
the standard minimal coupling to a metric g^ v 




(5.24) 



If one chooses to parameterise the metric as 

/ 2h ++ l + h++h—\ 
giH/ = n[ (5.25) 
\l + h ++ h— 2/i__ J 

then f2 drops out of the action (5.24) as a consequence of classical Weyl invariance 
and (5.24) becomes precisely (5.22). Note that, contrary to claims sometimes made, 
(5.25) does not correspond to partial gauge-fixing; (5.25) is simply a convenient 
parameterisation of a general metric g^ v . 

However, for non-zero B, (5.20) gives an equation for it which is difficult to 
solve in closed form, although it is straightforward to solve order by order in B; 
substituting the perturbative solution to (5.20) back into the action recovers the 
results of the Noether method. However, just as the non-linearity in g^ is best 
understood in terms of Riemannian geometry, it seems likely that the non-linearity 
in B can also be best understood in terms of some higher spin geometry, which 
would also allow the coupling of W-gravity to more general matter systems. 

The two canonical approaches described here for W3-gravity also work for 
other W-algebras and other matter systems. The Hamiltonian approach clearly 
works quite generally; one writes the matter action in first order form and replaces 
time derivatives of fields in the W-currents by the corresponding momenta. The 
full action is given by adding the Noether coupling of these currents to Lagrange 
multiplier gauge fields. The resulting action is of the form (5.7) and so invariant 
under the transformations (5.9), (5.10). The covariant canonical approach of [5] 
has been generalised to [11], Wn [6] and indeed free boson realisations of any 
W- algebra [6]. It has also been applied to non-linear sigma-models, free-fermion 
models [6] and supersymmetric models [35,13] and probably again applies quite 
generally. 



20 



6. The Geometry of W -Gravity 



The non-polynomial structure of gravity is best understood in terms of Rie- 
mannian geometry and this suggests that the key to the non-linear structure of W 
-gravity might be found in some higher spin generalisation of Riemannian geom- 
etry. The approaches of [5] and [14] describe W-gravity in an implicit form, but 
an understanding of the non-linear structure of the theory without auxiliary fields 
seems desirable. A 'covariantisation' of the approach of [5] is given in [8,12], but 
the resulting theories still have auxiliary fields. Other approaches to the geometry 
of W-gravity are presented in [36,37,38]. In [15,16,17], a geometric formulation of 
Woo and Wn gravity was derived and this will now be briefly reviewed. 

Riemannian geometry is based on a line element ds = (g^dcffd^) 1 / 2 , while 
a spin-n gauge field could be used to define a geometry based on a line element 
ds = (gi 1 i 2 ...i n d(j)' ll d(j) 12 . . . d4> tn ) l / n (first considered by Riemann [42]). A further 
generalisation is to consider a line element ds = N(<f>, d(f>) where N is some function 
which is required to satisfy the homogeneity condition N((f),\d(f)) = AiV(0, d(f>). 
This defines a Finsler geometry [43] and generalises the spin-n Riemannian line 
element. To describe W-gravity, it seems appropriate to generalise still further and 
drop the homogeneity condition on N, so that the line element can be written as 



ds 2 = M[<f>\ dft] = gij^dftdtf + dijkiftdtfdftd^ + ... (6.1) 

One can then contemplate the extension of the diffeomorphism symmetry <50* = 
A 1 ((f)) to the action of a much larger group, consisting of transformations of the 
form 5(j) 1 = A l (4>,d<j)). Given a scalar field ^(x^) taking values in this space, 
the line element can be pulled back to the 'world-sheet' to give the world-sheet 
line-element 

ds 2 =M*[(t) i (x),d^ i dx^} = gijMxfidptfdvijt dx»dx v 
+ d ijk ((f)(x)) d^dy&dp^ dx»dx v dx p +... 
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and the transformations of now take the form 



50* = A*(0,^0) (6.3) 

In fact, these transformations are too general and as will be seen, it is necessary to 
restrict to a subgroup of these. To use the line element (6.2) to construct an action, 

it is now necessary to introduce world-sheet gauge fields g^ v , B^ vp , This is best 

done by introducing a generating function 

F(x», y„) = g^(x)y^ + B^(x) yii y v y p + ... (6.4) 

where y p is some vector on the world-sheet M. Note that (6.4) is a generalisation 
of the inverse metric on M in the same sense that (6.1) is a generalisation of the 
metric on the target space. Note that x^,y^ can be thought of as coordinates on 
the cotangent bundle of the world-sheet, T*M, and if F is required to be a function 
on T*M, then the gauge fields g^, B^t ', . . . are tensor fields on M. The function 
F can be used to define some F given by 

F(x», Vp) = gj^(x)y,j,y v + g^ p (x)y^y u y p + ... (6.5) 

where 

9$ = V=9!T, 9$" = V=9~(B^ - \g^B^g aT \ . . . (6.6) 



T 

are tensor densities on M. Then the W-gravity action is given by the natural 
product 

S= fd 2 xF-N* 

J (6.7) 



giMWWWtfn + d ijk (<P(x))d^%(j>id p( f> k g^ P + 
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6.1. The Geometry of Woo -Gravity 

To see how these structures arise from a slightly different viewpoint, consider 
the simple example of the realisation of the u>oo in terms of a free single boson <fi 
[11]. No (i-tensors are needed, and the infinite set of currents 

W +n = -(d + ^) n , n = 2,3,... (6.8) 
n 

generate the algebra u>oo [26] (a certain c = limit of the Woo algebra of [27]). 
These currents generate the infinitesimal transformations 

oo 

5<f) = J2^ +n (x+)(d+(f ) ) n - 1 = A(x+,d + (f)) (6.9) 

n=2 

Here W+2 is the stress-tensor and \ +2 (x + ) is the parameter of conformal transfor- 
mations. The symmetry algebra is 

[Sa,S A '\ =5 { a,A'} ( 6 - 10 ) 

where 

/AA'1 = — — -— — (6 11) 

dx + dy + dx + dy + 

is the Poisson bracket on the phase space with coordinates x + ,y + = d + (p. If the 
world-sheet is cylindrical, then x + is the coordinate for a circle and x + ,y + arc 
coordinates for the cotangent bundle T*^ 1 ~ S 4 x M. The symmetry algebra 
is then isomorphic to the Poisson bracket algebra on T*S X , which is also the al- 
gebra of symplectic diffeomorphisms of T*^ 1 , i.e. those diffeomorphisms of the 
two-dimensional space T*^ 1 that preserve the symplectic structure dx~j^dy + . 

The currents W- n = i(cL0) n generate a second commuting copy of Wqo so that 
the symmetry algebra is given by two copies of the symplectic diffeomorphisms, 
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Dif fo(T* S 1 ) x Dif fo(T* S 1 ). The symmetry algebra is a subalgebra of the more 
general set of transformations 

oo 

^ = Y,KT''^ 1 ^ )9 ^ 9 ^---- 9 ^ = ^'Vv) ( 6 - 12 ) 

n=2 

where = d^4> and the X^ 2 '"^ 1 (x u ) (n — 2, 3, . . .) are infinitesimal parameters 
which are symmetric tensor fields on M. These transformations satisfy the algebra 
(6.10), where the Poisson brackets are those for the phase space with coordinates 
xV,!/^, which is the cotangent bundle of the world-sheet, T*M. Thus (6.12) is a 
field-theoretic realisation of the symplectic diffeomorphism algebra, Dif fo(T*M). 
It has been suggested [36] that this might be the symmetry algebra for the corre- 
sponding W-gravity theory, but as will be seen, it is a sub-algebra of this that is 
in fact needed. 

Before proceding to the full theory, it will be useful to consider first linearised 
Wqq gravity. The currents W± n are the only non-vanishing components of the 
symmetric tensor current given by 

W ^2...nn = -d^d^ . . . <9 Mn - traces (6.13) 

which is conserved, <9 /il W / ^ 1/i2 ... Mn = and traceless, ^ lM2 W^ lM2 ... Mn = 0- From 
chapter 1, the linearised W-gravity action is given by the Noether coupling. The 
action (4.3) can be rewritten as 



(fx 



1 °° 1 ~ 

71=2 



(6.14) 



where the ii^ 2 '"^ n are symmetric tensor gauge fields satisfying 

W^f"* = + °(h 2 ) (6-15) 
at least to lowest order in the gauge fields. The transformation of the scalar fields 
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is of the form (6.12) with the parameters satisfying the tracelessness condition 



V^r* = + °(h 2 ) (6-16) 

at least to lowest order in the gauge fields, while the linearised transformation of 
the gauge fields is 



xuVi/Ja—Vn 
6n (n) 



-29^ 1 Afr /in) - Traces 

(n) 



+ 0(h) (6.17) 



The linearised action (6.14) is then invariant under the transformations 
(6. 12), (6. 17) (subject to (6.16)) to lowest order in the gauge fields. 

Let us turn now to the full non-linear theory. The action depends on <9^0 but 
not on higher order derivatives and so can be written as 



S = 

M 



J d 2 xF{x,d(t)) (6.18) 



for some F, which has the following expansion in = d^: 

oo 1 

F(x,y) = -€P" Mn WV* Vk-Vv* (6-19) 

ft 

where g^ 2 "'^ n {x) are gauge fields which are tensor densities on M. The <?^" Mn 
are non-polynomial functions of the (e.g. g^) = if v + + 0{h 2 )) but 

it will be convenient to work with the g gauge fields, in terms of which the action 
is linear, rather than the h gauge fields. The transformation of takes the form 
(6.12). From the linearised analysis, it is seen that A and F must be restricted to 
satisfy equations which take the following form to lowest order in the gauge fields 

d 2 A d 2 F 
V7T^- = + ..., ^——- = -2 + ... 6.20 

These impose the tracelessness of the parameters (6.16) and of the linearised gauge 
fields, to lowest order in the gauge fields. The full theory should have non-linear 
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constraints that generalise these and which do not involve any background metric 
^his j s i nc leed the case, and the full constraints take a strikingly simple form: 



and 

iet (-S^ [p+A][x - y) ) = - 1 <6 - 22) 

Expanding (6.21) in y^ gives an infinite number of algebraic constraints on the 
density gauge fields gffj" 

det (g^)( x )) = ~9^)~9(2)iiv = 0, . . . (6.23) 

and these can be solved in terms of unconstrained gauge fields g^ v , B^ vp , ... to give 
(6.6). The theory written in terms of these unconstrained gauge fields is invariant 
under an infinite set of local symmetries generalising Weyl symmetry: 

&<T = °(2)<r, SB^ = a {2) B^ + \cr%g vp \ ■ ■ ■ (6.24) 

The transformations can be written in terms of the generating function (6.4) as 
5F(x,y) = a(x,y)F(x,y) where a(x,y) = C(2)(^) + a ^{. x )y^ + ••• These trans- 
formations can be used to remove all traces from the gauge fields, leaving only 
traceless gauge fields, as in [11,8]. 

Similarly, expanding (6.22) in y^ gives an infinite number of algebraic con- 
straints on the parameters of the form g^nv^u^" = + . . . and these can agan be 
solved in terms of unconstrained quantities [15,16]. 

To summarise, the full non-linear action for Wqq gravity coupled to a single 
boson is given by (6. 18), (6. 19) where the gauge fields g^ 2 "'^ n (x) are required 
to satisfy the algebraic constraints given by expanding (6.21). These constraints 
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can be solved in terms of unconstrained gauge fields as described above, but it is 
not necessary to do so. The action is invariant (up to a surface term) under Wqq 
gravity transformations under which the scalar fields transform as (6.12), where 
the infinitesimal parameters are required to satisfy the constraint (6.22), and this 
constraint implies that the symmetry algebra is a subalgebra of Diffo(T*M). The 
gauge fields transform as 



dg {p) - 1^ d ™+n,p+2 (m-lJA (m) d v g {n) -[n-l)g {n) o v X {m) 

m,n=2 L 
+ — X °HV) 9(n) -9(n) A (m) / 

(6.25) 

From (6.25), the transform as tensor densities under reparameterisations of M 
(i.e. A( 2 ) transformations), as expected. 

The equation (6.21) is of a type that plays an important role in geometry. Let 
C^j Cfi if 1 — I? 2) be complex coordinates on R 4 . Then, for each a solution 
F(x,y) of (6.21) can be used to define a function K x ((,() on H 4 by 

K x ((,()=F(x»,(f l + Q (6-26) 

For each x, K x can be viewed as the Kahler potential for a Kahler metric = 
d^djiKx of signature (2,2) on 1R 4 . As a result of (6.21), each K x satisfies the 
equation det^d^d^Kx) = — 1 and which is often referred to as the Monge-Ampere 
equation or one of Plebanski's equations. The Ricci tensor for the Kahler space 
is R V y = dpdvlog \det(G M ^)| and this vanishes if (6.21) holds, so that the metric 
is Kahler and Ricci-flat, which implies that the curvature tensor is either self-dual 
or anti-self-dual. (For Euclidean world-sheets, a similar analysis goes through and 
leads to a Kahler Ricci-flat space with Euclidean signature [15].) 

As the Kahler potential is independent of the imaginary part of C/u, the metric 
has two commuting (triholomorphic) Killing vectors, given by 1(8/8^ — d/d(p,). 
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Thus the lagrangian F(x, y) corresponds to a two-parameter family of Kahler po- 
tentials K x n for self-dual geometries on 1R 4 with two Killing vectors. The parameter 
constraint (6.22) implies that F + A is also a Kahler potential for a hyperkahler 
metric with two killing vectors, so that for each x, A represents an infinitesimal de- 
formation of the hyperkahler geometry. Other relations between and self-dual 
geometry have been discussed in [26,50]. 

Techniques for solving the Monge- Ampere equation can be used to solve (6.21). 
The general solution of the Monge- Amp ere equation can be given implicitly by 
Penrose's twistor transform construction [47]. For solutions with one (triholo- 
morphic) Killing vector, the Penrose transform reduces to a Legendre transform 
solution which was found first in the context of supersymmetric non-linear sigma- 
models [49]. Substituting the Legendre transform solution of (6.21) in the action 
(6. 18), (6. 19) gives precisely the Hamiltonian form of the Wqo action (i.e. the Woo 
generalisation of (5.6)). In particular, the twistor space approach of [49] gives a 
twistor interpretation to the auxilairy fields ir. 

For self-dual spaces with two Killing vectors, it is possible to write down a new 
solution of the Monge-Ampere equation, using a generalisation of the Legendre 
transform solution that involves transforming with respect to both components of 
y^. Any F(x,y) can be written as a transform of a function H as follows: 

F(x», y v ) = 2tt% - l -t V V^u ~ 2H(x, tt) (6.27) 



where the equation 



dH 

»<• = a? < 6 - 28 > 



implicitly determines 7i~ M = n fl (x u ,y p ). Then F will satisfy (6.21) if and only if its 
transform H satisfies 

V^L = d2R = 1 (6.29) 

2 d'K^d'Ku dix+dn- 
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The general solution of this is 



H = TT+TT- + f(x, 7T + ) + f(x, 7T_) 



(6.30) 



This solution can be used to write the action 



S 



I 



d 2 x 2vr% - ri^r 



\rTVvVv - V(x, vr + ) - 2f(x, tt ) J (6.31) 



The field equation for 7r^ is (6.28), and using this to substitute for % gives the action 
(6.18) subject to the constraint (6.21). Alternatively, expanding the functions /, / 
as / = s^ 1 h s (x)(n + ) s , f = s^ 1 Ji s (x)(tt-) s gives precisely the form of the 
action given in [11]. The parameter constraint (6.22) is solved similarly, and the 
solutions can be used to write the symmetries of (6.31) in the form given in [11]. 

6.2. The Geometry of Wat- Gravity 

A free scalar field in two dimensions has the set of conserved currents given by 
W n = i(<9+0) n , n — 2, 3, and these generate a Woo algebra. In fact, the finite 
subset of these given by W n , n = 2,3, ....,N generate a closed non-linear algebra 
which is a classical limit of the Wn algebra, and in the limit N — > oo, the classical 
current algebra becomes the Wqq algebra. Similarly, the currents W n = ^(<9-0) n 
generate a second copy of the Wjv or Wqq algebra. 

The linearised action for Wn gravity is given by simply truncating the action 
(4.3) by setting the gauge fields f^ 1 ^ 2 ---^ with n > N to zero, giving 



where the symmetric tensor gauge fields satisfy the tracelessness condition (6.15). 
The action is invariant, to lowest order in the gauge fields, under the transfor- 
mations The linearised action (6.32) is then invariant (to lowest order in the 




(6.32) 
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gauge fields) under the transformations given by setting Xf n \ to zero for n > N 
in (6. 12), (6. 17), (6. 16). This then gives the linearised action and transformations 
of Wjv or (in the N — * oo limit) Wqq gravity. The full gauge-invariant action and 
gauge transformations are non-polynomial in the gauge fields. 

The linearised action for W/v gravity is then an iV'th order polynomial in d^. 
However, the full non-linear action is non-polynomial in d^cj) and the gauge fields 
h n , but the coefficient of (d<f)) n for n > N can be written as a non-linear function 
of the finite number of fundamental gauge fields h,2, /13, . . . , /ijv that occur in the 
linearised action. The simplest way in which this might come about would be if 
the action were given by (6. 18), (6. 19) and F satisfies a constraint of the form 



r) N+1 F 

+ O{F 2 ) (6.33) 



dy^dy f , 2 ...dy fXN+1 

where the right hand side is non-linear in F and its derivatives, and depends only 
on derivatives of F of order N or less. This is indeed the case; the action for Wat 
gravity is given by (6.18) where F satisfies (6.21) and (6.33), and the right hand 
side of (6.33) can be given explicitly. Just as the non-linear constraint (6.21) had an 
interesting geometric interpretation, it might be expected that the non-linear form 
of (6.33) should also be of geometric interest. Here, the results will be summarised; 
full details will be given in [17]. 

It will be useful to define 



and 



H^(x,y) = 2(g^ + F^r 1 (6.35) 

where g^ u = (x) . 
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The action for Wjv gravity is then given by the action for Woo gravity, but with 
the function F satisfying one extra constraint of the form (6.33). For W3, this 
extra constraint is 

F »vpo = -H ap F a ^F pa ^ (6.36) 

or, using (6.35), 

ppvpo _ 3 ^~af3 _|_ pafi^ 1 pa{pv ppo)f3 (6.37) 

This is the required extra constraint for W3 gravity. Thus the action for W3 gravity 
is given by (6. 18), (6. 19), where F is a function satisfying the two constraints (6.21) 
and (6.37). 

For W4 gravity, the extra constraint is 



p^par = 5Hap F a ^FP aT ^ - —H ap H l5 F a ^ v F pa ^F T ^ 5 (6.38) 



so that the W4 action is (6.18) where F satisfies (6.21) and (6.38), and H^ v is 
given in terms of F by (6.35). Similar results hold for all N. In each case, one 
obtains an equation of the form (6.33), where the right hand side is constructed 
from the n'th order derivatives F^ 1 --^™ for 2 < n < N and from H^ v . 

Expanding F in d^(j) (6.19) gives the coefficient of the n-th order <9^0 . . . <9^ n 
interaction, which is proportional to 5(^-j" Mn - The constraint (6.33) implies that for 
n > N, the coefficient of the n-th order interaction can be written in terms of 
the coefficients #( m ) of the m-th order interactions for 2 < m < N. For W3, the 
n-point vertex can be written in terms of 3-point vertices for n > 3, so that (with 



g a p = \ g a { 2) ) ) 



1 



-pvpo _ ~ ~ot{p,v ~pa)P / fi on\ 

5(4) -g a pg {3) 5(3) (o.^yj 

-jxvpar _ 5 ~ ~ ~aka> ~P<?\l\ ~r)P& , fi ^ 
9(5) ~ ^dapg^yS 5(3) 5(3) 5( 3 ) 

etc, while for W4, all vertices can be written in terms of 3- and 4-point vertices, 
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e.g. 



-pvpar _5 ~a(p,v -par) (3 

9(5) ~2 P ( 3 ) ( 4 ) 



(6-41) 

~ ~ ~a(pv ~pa\j\ ~t)(38 

- ^9apg 7 5 9 {3) g {3) g {3) 

For the derivation of these results, and the form of the transformation rules, see 
[17]. 

To attempt a geometric formulation of these results, note that while the second 
derivative of F defines a metric, the fourth derivative is related to a curvature, and 
the n'th derivative is related to the (n — 4)'th covariant derivative of the curvature. 
The W3 constraint (6.37) can then be written as a constraint on the curvature, 
while the Wjv constraint (6.33) becomes a constraint on the (N — 3)'th covariant 
derivative of the curvature. One approach is to introduce a second Kahler metric 
K x on IR 4 given in terms of the potential K x introduced in (6.26) by 

k x = K x + g a HaCp (6-42) 

The corresponding metric is given by 

(f° = + (6.43) 

Then if F satisfies the W3 constraint (6.37), the curvature tensor for the metric 
(6.43) satisfies 



-pvpo _ 1 A 

K — 2 u <xp 



rpapi"-p/3ap _|_ rpaparpfiisp _|_ rpPvprpapa _|_ rppap.rpapi/^ (g ^) 



where 



T pvp = or, T ^ p = — _____ — (6.45) 

This is similar to, but distinct from, the constraint of special geometry [51]. Note 
that (6.44) is not a covariant equation as the definitions (6.45) are only valid in 
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the special coordinate system that arises in the study of W-gravity. However, 
tensor fields T^ u p, T^ vp can be defined by requiring them to be given by (6.45) 
in the special coordinate system and to transform covariantly, in which case the 
equation (6.44) becomes covariant, as in the case of special geometry [51]. For 
Wjv, this generalises to give a constraint on the (N — 3)'th covariant derivative of 
the curvature, which is given in terms of tensors that can each be written in terms 
of some higher order derivatives of the Kahler potential in the special coordinate 
system. 



Classical W-algebras were considered in chapter 2. For those W-algebras that 
are Lie algebras, it is usually straightforward to obtain a corresponding quantum 
algebra by replacing the classical currents with quantum field operators, replacing 
the Poisson brackets with operator commutators and inserting factors of ih in 
accordance with the minimal Dirac prescription. Then the fact that the classical 
algebra satisfies the Jacobi identities usually implies that the quantum algebra does 
also. 

For non-linear algebras, however, the situation is more complicated as the 
non-linear terms occurring on the right- hand- sides of the commutation relations 
involve the products of quantum field operators at the same point and so some 
regularisation prescription is necessary. For example, in the classical Ws algebra, 
the commutator of two spin-three currents gives rise to the spin-four current A = 
TT, whose modes are A n = J2 m L n ^ m L m , where L n are the modes of the stress- 
tensor T. In the quantum theory, T{z)T{z) is singular and so to define A it is 
necessary to introduce a regularisation. The following normal ordering prescription 
is the most convenient: 



Using this, the [W, W] commutator can be written in terms of the spin-four current 



7. Quantum W -Algebras 




(7.1) 
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with modes 

A m = x L m-nLn * ~ ^ (m + 3) (m + 2)L m (7.2) 



(The term linear in L n is added to make A n quasi-primary [18].) The regularisa- 
tion (7.1) corresponds to subtracting the singular terms in the operator product 
expansion of T(z)T(w) and then taking the limit z — > w and can be generalised to 
define the product of any two currents in the W-algebra. 

The full quantum W3 algebra with central charge c [18] consists of the Virasoro 
algebra 

C o 

[L m , L n \ = (m - n)L rn+n + — (m - m)5 m+n . (7.3) 

the relation 

[L m , W n ] = [2m - n]W m+n (7.4) 
so that the spin-three current W (with modes W n ) is primary, and 



[W m , W n ] = b 2 (m- n)A m+n + ^(m - n) |(m + n) 



2 - -^imi - 4 \ L 



m+n 

(7.5) 



where b 2 = 2 2+5c • ^ ne coefficients are fixed by requiring the algebra to satisfy the 
Jacobi identities [18]. 

A large number of other quantum W-algebras have now been constructed; for 
a review see [3]. Of particular interest are the Wn algebras, which are generated 
by currents W^ of spins s — 2,3, . . . , N [20,21]. 
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7.1. W-CONFORMAL FIELD THEORY 



Conformal field theories [2] are theories which are invariant under conformal 
symmetry and for such models the well-developed representation theory of the 
Virasoro algebra gives a powerful tool for the study of these models. A highest 
weight state \h > of weight h satisfies 

L n \h >= 0, for n > 0; (L - h)\h >= (7.6) 

where L n are the Fourier modes of the stress tensor. Acting on this with strings 
of L- n operators with n < generates states which fill out a representation of 
the Virasoro algebra, which may be reducible; an irreducible representation is then 
defined by factoring out zero-norm states. It is found that the conformal algebra 
of central charge c has unitary representations only if c > 1 or if c < 1 and 



6 

p(p + l)' 



C = Cp-min = 1 - — ; ^ , P = 3, 4, . . . (7.7) 



The series of models with central charges (7.7) are the Virasoro minimal models and 
representation theory fixes the possible values of the weights h for these models; it 
is found that, for given p, the weight must take one of the values 

Modular invariance places restrictions on the ways in which different representa- 
tions can be tensored together to obtain consistent theories, and for the minimal 
models (c < 1), all possible modular invariant partition functions have been classi- 
fied. Conformal invariance and crossing symmetry allow the correlation functions 
of the theory to be found. 

Much of this picture generalises to conformal field theories (CFT's) which in 
fact have a larger symmetry, such as super-conformal symmetry, topological con- 
formal symmetry or W-algebra symmetry, leading to the study of superconfor- 
mal field theory, topological conformal field theory or W-conformal field theory 
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(WCFT). In each case, one can use the representation theory of the correspond- 
ing extended conformal symmetry to obtain a great deal of information about the 
theory. For example, for theories with Wn symmetry generated by currents W^ 

(s) 

of spins s = 2,3,...,N with modes Wn , one can define highest weight states 
\h >= |^( 2 ), h^, feW > with weights hP\ h^, h( N \ such that 

Wi s) \h >= 0, for n > 0; (W (s) - h {s) )\h >= (7.9) 

Acting on a highest state with the operators W^ (n > 0) then defines a repre- 
sentation which can again be truncated to obtain an irreducible highest weight 
representation. 

The Wn algebra has unitary representations only if the central charge satisfies 
c > N — 1, or if the central charge takes one of the values 

c = N-l- * N -W->\ p = N + llN + 2 ,... (, 10 ) 

P{P+ 1) 

The series of models with central charges (7.10) are the Wn minimal models and 
representation theory again fixes the possible values of the weights h for these mod- 
els. It is hoped that it will be possible to classify the modular invariant partition 
functions for the Wn minimal models, which would then go some way to generalis- 
ing the classification of minimal models; indeed, it is hoped that studying minimal 
models for all W-algebras might lead to a classification of all rational conformal 
field theories. 

An important realisation of the Virasoro algebra with arbitrary central charge 
is given in terms of a single free boson with background charge; this is very simple 
to work with, although to obtain a unitary theory, it is necessary to make a trun- 
cation of the Hilbert space to a positive-norm subspace. This construction has an 
important generalisation, to a realisation of the Wn algebra with arbitrary central 
charge in terms of a iV — 1 free bosons with background charge; the currents are 
constructed via a Miura transformation [19,20,21]. These free boson realisations 
will be discussed further in the next chapter. 
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7.2. BRST Charges 

In [53] , Thierry-Mieg constructed a BRST charge for the W$ algebra and this 
was extended in [54] to a construction of a BRST charge for any quadratically non- 
linear W-algebra; it seems likely that this can be generalised to any W-algebra. 
For W3, one introduces the usual conformal ghost system c_ corresponding to 

T ++ and a ghost system u +++ ,v corresponding to The BRST charge 

takes the form 



and is nilpotent if and only if T, W satisfy the W3 algebra with central charge 
c = 100 and the intercepts are a = 4 and (3 = [53]. If the matter system 
has c = 100, then this central charge is cancelled by a contribution of —26 from 

the ghosts b ++ ,C- and a contribution of —74 from the ghosts u+++,v This 

suggests that it might be possible to construct a W-string theory given a matter 
system which constitutes a c = 100 representation of the W3 algebra. This turns 
out to indeed be the case, and for such theories all the W-gravity anomalies cancel 
to give a consistent critical W-string theory; this will be discussed further in later 
chapters. 

For a general W-algebra, one introduces a spin-s anti-ghost u and a spin 1 — s 
ghost v A corresponding to each spin-s generator W A . The BRST charge takes the 
form Q ~ J dx + (^2 A v A W A + . . .) and this can only be nilpotent if the matter 
central charge cancels against the total ghost contribution to the central charge, 
although this condition need not be sufficient in general. The contribution to the 
central charge from the ghosts for a spin s generator is c s = — 2(6s 2 — 6s + 1) so 
that for W4 the total ghost contribution is —246 while for W/v, the total ghost 
contribution is — c* N , where 



so c\ = 26, C3 = 100, etc, suggesting that critical Wn strings can be constructed 
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(7.11) 



c* N = 2(N - l)(2iV 2 + 2N + 1) 



(7.12) 



from a matter sector that is a realisation of Wn with central charge c* N . For Woo 
the total ghost contribution is given by the divergent sum — c s = — 26 — 74 — 
146 — . . .. This series can formally be summed using (^-function regularisation to 
give the value 2 [62], but it is not clear at present what the significance of this 
result might be. 

8. Free Boson Realisations of Quantum W -Algebras 

In this chapter we will introduce a number of examples of free boson realisa- 
tions which will be useful when we discuss W-gravity anomalies and W-strings. In 
each case we start with a free boson model with a set of currents that satisfy a 
Poisson bracket W-algebra. We then quantize the boson system and investigate 
the quantum algebra generated by the W-currents. One might expect the quan- 
tum algebra to be obtained from the classical one by using the standard Dirac 
quantisation prescription of introducing factors of ih into the classical relations. In 
general, however, the quantum algebra corresponds to the Dirac-quantized algebra 
plus extra corrections of order Ti or higher, and these corrections can either be 
central extensions of the algebra or can involve currents constructed from the bo- 
son fields. Each higher order correction to the algebra corresponds to a W-gravity 
anomaly, as will be seen in the next chapter. 

There is a crucial difference between linear and non-linear realisations of a 
classical current algebra. For linear realisations, the quantum current algebra 
is given by the Dirac-quantized algebra plus central extension terms of order % 
and there are no higher order terms. For non-linear realisations, the situation is 
altogether more complicated as new currents can arise in the quantum algebra 
which were not present in the classical W-algebra and these reflect a new kind of 
anomaly which arises for such models [55]. 
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8.1. Linear Realisation of the Virasoro Algebra 



The stress-tensor for D free bosons given by 

T = l _ d+(j) i d+(j) i (8 .1) 

(with i — 1, . . . , D) generates the classical Poisson bracket algebra given by (2.1) 
with c = 0, which can be written schematically as 

[T, T] ~ T (8.2) 

On quantisation, the modes a l n of <9 + 0* are taken to satisfy harmonic oscillator 
commutation relations 

[a\ l ,o4 n ]=hS i 36 m+n (8.3) 

It is necessary to regularise (8.1), and it is convenient to define T =: ^<9 + 0*<9_|_(/>* : 
so that L n = \ '■ a l n+m a' l _ m :, where colons denote the normal ordering with 
respect to the modes a l n : 



a"„a 3 m if m > n 



a m a n if n < m 

Then the commutator algebra generated by the quantum operator T is given by the 
Virasoro algebra (2.1) with central charge c — D. It will be convenient to suppress 
delta-functions and numerical factors and present such algebras schematically as 

[T, T] ~ ihT + h 2 c (8.5) 

The term linear in h is what one would expect from applying the Dirac prescrip- 
tion to (8.2), but there is in addition a central charge term of order h 2 , which 
corresponds to an anomaly, as we shall see. 
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The stress-tensor (8.1) can be modified by adding a non-minimal 'background 
charge' term, T — > T' = T + aid\(\) 1 where is some constant vector. The 
classical Poisson bracket algebra then has a central charge, [T', T'\ ~ T ! + co 
where cq = ^aia^ and the quantum algebra again takes the form (8.5), but with 
c = D + co/h. This factor of hT 1 can be absorbed into a rescaling of the background 
charge a — > \ffia, so that the stress-tensor becomes 

T' = -d+ftd+ft + Vhaidlf (8.6) 

and the quantum central charge becomes c = D + a 2 /24. 

8.2. Linear Realisation of 

Let 0* be .D complex free bosons. Then the currents [52] 

n-l 

Wn(x + ) = /V W<9r r 0\ n = 2, 3, . . . (8.7) 

r=l 

for suitably chosen constants f3 n ^ r generate a Poisson bracket algebra which is a 
certain classical limit of the algebra of [27], (note that this algebra is not the 
Woo algerba of [26]) which has the generic form [27, 52] 

[W n , W m ] ~ W n+m _ 2 + + + W n+m ^ 8 + ■■■ (8.8) 

This is a linear realisation of a classical limit of W^, as these currents generate 
variations of 0* which are linear in <p l . The quantum currents given by normal- 
ordering (8.7) generate an algebra of the general structure (for some constants 
c n ) 

[W n , W m ] ~ c n h 2 5 nt mihW n+m ~2 + ihW n+m -4 + ihW n+m - 6 + ... (8.9) 

which consists of the Dirac quantisation of the algebra (8.8), plus central extension 
terms of order U . This quantum algebra contains the Virasoro algebra with central 
extension 2D and is the algebra of [27] with c = 2D [55], generalising the c = 2 
construction of [52]. 
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8.3. Non-Linear Realisation of W3 

For D free real bosons, as was seen in chapter 3, the currents given by (8.1) and 
W = ^dijkd+cyd+cjyi d + 4> k generate a classical W3 algebra provided the constants 
dijk satisfy (3.5). The corresponding transformations of 0* are given by (3.6) and 
are non-linear for spin 3. The classical algebra (2.1), (2. 2), (2. 3) can be written 
schematicaly as (8.2) together with 

[T, W] ~ W, [W, W] ~ A, A = TT (8.10) 

In the quantum theory, the currents can be defined using the normal ordering 
(8.4). The spin-two currents again generate the Virasoro algebra (8.5) with c — D. 
The [T, W\ commutator now takes the form 

[T, W] ~ ihW + U 2 J, J = d^jd+ft (8.11) 

consisting of the Dirac prescription term, plus a term of order % which involves a 
new spin one current, J [4]. Thus although the classical algebra closes, the quantum 
one does not unless the d-tensor is traceless, d\j = 0. Even if it is traceless, the 
[W : W] commutator gives 

[W,W] ~ih:TT: +(D + 2)ft 2 (T 2 ' + T) + ftV , T 2 ' =: d+fdlf : (8.12) 

which consists of the Dirac term, a central charge term of order h proportional 
to d = dijkd 1 ^ and a new spin-four current T 2 ' [4,56]. If d l ij 7^ there are 
extra terms in (8.12) involving J [56]. Since the coefficient of the spin- four current 
T 2,0 is non-zero for any D > 0, the quantum algebra never closes when the normal 
ordering prescription (8.4) is used, as the right hand side of (8.12) cannot be written 
entirely in terms of T, W and composites constructed using (8.4), such as : TT :, : 
TW : etc. To close this algebra, it is necessary to introduce J, T 2 ' as generators, 
and then to introduce further generators, such as T n, ° = W m,n, ° = 

d^^dl^d^,... [56]. 



41 



However, instead of defining the composite operator : TT : using the prescrition 
(8.4), it could instead be defined as *TT* using (7.1). The two definitions are 
related by [4] 

X TT X _. rprp . _ft T 2,o ^ 13 ) 

so that they differ by a finite term of order U. Using this, the algebra (8.12) can 
be rewritten as 

[W,W] ~ih*TT* +{D-2)h 2 {T 2 '° + T) + h 3 c', T 2 ' = d+ftd^ft (8.14) 

so that the coefficient of the spin-four current T 2,0 is now D — 2 instead of D + 2, 
with the result that the algebra closes non-linearly on T, W, * TT * if and only if 
d l ij = and D — 2 [4]. For D = 2, the solution of (3.5) given by d\\i = —k 
and g?222 — K gives a traceless (i-tensor and hence a closed algebra which becomes 
preciesly the W$ algebra (7. 3), (7. 4), (7. 5) after rescaling the currents. This is the 
two boson realisation of the c = 2 W3 algebra given in [19]. 

This model is closely related to the Casimir construction of W3 [30,29]. The 
classical W% algebra is realised by the Sugawara currents T = l^tr(J+J+) and 
W = \tr(J + J+J+), where J+ is an SU(3) Kac-Moody current [7]. In the quantum 
theory, these currents (after normal ordering) no longer generate a closed algebra, 
as the commutator [W, W] gives rise to the spin-four current T 2,0 = tr(J + d\j + ) 
[30,29], which is similar to the current T 2 ' that arose in the free boson model. In 
the case in which the Kac-Moody algebra is of level one, it is possible to perform 
a truncation to a realisation of the quantum W3 algebra, and this is related to the 
fact that the level one Kac-Moody algebra can be constructed from the two boson 
model discussed above [29]. 
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8.4. Ws Realisations with Background Charges 

As in the Virasoro case, one can consider adding higher derivative terms to the 
currents to give 

T' = T + Vtiaidl <f)\ W = W + VKeijdlfid+fi +hf i d%<t> i (8.15) 

for some constants aj,ey,/j. The current algebra will close on T, W, *TT* to 
give the Ws algebra (7.3), (7.4), (7.5) provided the tensors Oi,ey,/j satisfy certain 
constraints [4]. For the D = 2 model these constraints are satisfied by choosing 
the only non-vanishing components to be given in terms of a free parameter a by 
a\ = a, ei2 = a, e<i\ = 3a, /2 = 6a 2 , giving a model with central charge c = 2 + 24a 2 
[19]. For real a one obtains models with any value of c > 2, while for imaginary a, 
a unitary theory can only be defined if the background charge a is chosen to take 
the discrete values a 2 = —\p(p + 1)] _1 for p — 4, 5, 6, . . . giving the minimal series 
of representations of the W-algebra with central charge c p = 2 — 2A[p(p+ 1)] _1 [19]. 

For / 2, the constraints on the coefficients in (8.15) were solved in [32], 
giving a realisation of the W3 algebra in terms of any number D of bosons, with 
arbitrary central charge c = D + a 2 /24. In particular, it is possible to construct 
in this way realisations of W3 with central charge c = 100 for which there is a 
nilpotent BRST operator. 

One can instead ask whether modifying the currents as in (8.15) can give an 
algebra that closes using the normal ordering (8.4), i.e. whether an algebra can be 
found in which [W, W] can be written entirely in terms of T, W and : TT : instead 
of T, W and * TT * . It was shown in [66] that this is only possible if there are 
precisely D = 2 bosons, in which case aj = fi — and is proportional to e^, so 
that the Virasoro subalgebra has c = 2. 
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8.5. Romans Construction 

The realisation of W% in terms of D bosons was generalised [32] to give a 
realisation in terms of an arbitrary conformal field theory, with stress tensor T and 
central charge c and a single extra free boson <fi with stress tensor 

n = \e{d+ct>f + ad 2 + (8.16) 

where e can be chosen as either +1 or —1, a is a background charge, and 
generates a Virasoro algebra with central charge 

c = l + 12a 2 e (8.17) 

Then we define the total stress tensor 

T = f + T^ 

and the spin-three current 

W = e(<9+0) 3 - 3ad+<f)dl(f) - 2a 2 td\(\> + - Qaedf (8.19) 

and find that these satisfy the Ws algebra with central charge 

C = C + C0 

provided that the background charge a is chosen such that 

c = 35-2 (8.21) 

i.e. provided ea 2 = (c — l)/4. Then the total central charge is determined in terms 
of the c by 

c = 45-2 (8.22) 

In particular, this means that a realisation of the W3 algebra with the critical value 
of the central charge c = 100 can be constructed using an 'effective' conformal field 
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(8.18) 



(8.20) 



theory with central charge c = 25^ and a free boson theory with background charge 
and central charge = 74^, so that ea 2 = —49/16. The D boson realisation of 
W3 is recovered if the effective CFT is taken to be one of D — 1 free bosons with 
background charge. 

This can be generalised to give a realisation of Wn in terms of an effective 
CFT with stress tensor T and central charge c plus N — 2 extra free bosons with 
background charge [76]. In particular, to construct a realisation of Wn with the 
critical value of the central charge c N given by (7.12), it is necessary that the 
effective CFT have central charge 

8=26 -( 1_ ;v(a^T)) (8 ' 23) 

Remarkably, this can be written as 

c = 26 - c N _ min (8.24) 

where CN-min is the central charge of the p = N minimal model, given by (7.7). 

8.6. One Boson Realisation of 

For one boson 0, the currents W n = ^(d + (j)) n for n — 2, 3, . . . generate the Wqo 
algebra classically [11]. The Wqq algebra takes the schematic form 

[W n ,W m ]~W n+rn - 2 (8.25) 

All the currents except the Virasoro current W2 generate non-linear transforma- 
tions and this non-linearity leads to new currents on the right-hand-sides of the 
quantum commutation relations e.g. [W2, W3] gives rise to the current J = d+cf) 
while [W3, W3} gives rise to T 2 ' =: d+(f)d^_(j) :. However, one can again consider 
adding higher derivative terms to the currents W n (as in (8.15)) to modify the 
algebra. It was shown in [70] that the coefficients can be chosen in such a way as 



45 



to close the algebra, giving rise to the Wqq algebra of [27], which is of the schematic 
form (8.8), with central charge c = —2. This is precisely what is needed to cancel 
the contribution of +2 coming from using a (^-function to sum the infinite number 
of ghost contributions [70]. 

9. W -Gravity Anomalies from Matter Integration 

There has been a great deal of recent work on the quantisation of W-gravity and 
the anomalies that arise [55-73]. The classical coupling of a free boson system to W 
-gravity is described by an action of the form (4.8), where So is the free boson action 
(3.1) and the h ±A are gauge fields. In this chapter we will consider the integration 
over the matter fields <p l only, regarding the gauge fields as external sources, and 
study the anomalies that arise in the Ward identities corresponding to the classical 
W-gravity symmetries. No gauge fixing is needed as the gauge fields are not being 
integrated over, and the scalar fields have a well-defined propagator. In the next 
chapter, we will gauge fix all the local symmetries, introduce the appropriate ghost 
fields and discuss the integration over all fields. 

For simplicity, consider a chiral W-gravity, so that the complete action is of 
the form (4.7), consisting of the free boson action (3.1) plus the linear Lagrange 
multiplier terms. Since this is just a free system plus constraints, the normal or- 
dering prescription (8.4) is sufficient to subtract all divergences. It is convenient 
to use the background field method, writing 0* as the sum 0* + (p l of a background 
field 0* and a quantum field ip l and then integrating over if 1 to obtain a (renor- 
malised) effective action T[(j) l ,h +A }, which is given by the classical action (4.7), 
plus quantum corrections r[0*,/i +j4 ] = Sffi , h +A ] + 0(h). The classical action is 
invariant under the classical W-symmetries and these lead to Ward identities for 
T. These are of the form 8F + . . . = A ■ T where 5T is the gauge variation of 
the effective action, A is a local operator and A • T denotes all 1PI graphs with 
precisely one insertion of A. The dots denote other terms in the Ward identity, 
the details of which are discussed in [89,90] and which will not be important here. 
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For non-anomalous theories, A is zero or can be cancelled by adding finite local 
counterterms to the action. 

We will now present the anomalies for the models given by gauging the bosonic 
realisations of W-algebras described in the previous chapter. 

9.1. Gravitational Anomaly 

Consider first the free boson model coupled to chiral gravity with action S = 
So — Jd 2 x h T ++ with T ++ given by (8.1). The effective action takes the form 

T = s + 7 k J d2xd2 y h —( x ) h —(y) <T ++( x ) T ++(y)> + --- ( 9 - x ) 

and varying this under a chiral diffeomorphism with parameter k- leads to the 
standard chiral gravitational anomaly (to linearised order in the gauge field h ) 

[1] 

^gravity = D^- Jd 2 X k-^.h— (9.2) 

This anomaly, which is proportional to D, corresponds to the central charge term in 
(8.5), which is also proportional to D. The relation between the two can be seen by 
noting that the central term in the commutator [T, T] leads to a term proportional 
to Dp\jp 2 in the momentum space correlation function < 7++(p)7++(— p) >. 
Substituting this in (9.1) gives 

r = So + D— [d 2 xh—?±h__ + ... (9.3) 

247T J □ 

and varying this using Sh = d-k- + . . . leads to the anomaly (9.2). If the stress- 
tensor is modified to become (8.6), then the anomaly is again given by (9.2), but 
with D replaced by D + a 2 /24. 
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9.2. Linear Gravity 

Gauging the linear realisation of chiral [52] reviewed in section 8.2 gives 
a theory with spin-n gauge fields h n and symmetries with parameters \ n of spin 

n — 1, with transformations of the form 5h n = d-\ n + . . ., for n — 2, 3, The 

anomaly takes the form [55] 

A = J2c n h jd 2 x Xnd^K (9.4) 

n 

for some coefficients c n and these terms correspond precisely to the 0(h 2 ) central 
extension terms in (8.9). The n = 2 term is the gravitational anomaly (9.2). 

In this and the previous example, the anomalies depend only on the gauge fields 
and not on the background matter fields (p 1 and correspond to central charge terms 
in the current algebra. All anomalies that occur in linearly realised symmetries are 
of this type and we shall refer to such anomalies as universal anomalies [55]. 

9.3. Anomalies of Chiral W3 Gravity 

Chiral IT^-gravity has an action given by the sum of (3.1) and (4.3), with gauge 

fields h , B The linearised anomaly for the and A symmetries is the 

sum of the following terms [4,6,56]: the gravitational anomaly (9.2), the mixed 
spin-2/spin-3 anomaly 

A mtxed = Jd 2 x J+(B d 3 + k_ + A__c^__), (9.5) 

the universal spin-3 anomaly [59] 

^W-univ = -C 1440?r 2 ^ — d + B » ( 9 - 6 ) 

and finally the remainder of the spin-3 anomaly 
ih(D + 2) /\ 2 



A-mat — 



24tt 



J d 2 x 3T 2 '°(\d+B - Bd+\) + T(-3d+\d 2 + B + ...) + O(J) 

(9.7) 
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Here 



J = <\' ;■■<). <y>. f 2 -° EE d+ftcP+ft, T = ^d+ftd+ft (9.8) 



are the currents J, T, T 2 ' of section 8.3 for the background fields 0\ These results 
were confirmed and extended to higher orders in the gauge fields in [64]. 

The universal spin-3 anomaly (9.6) corresponds to the central term in (8.12) 
but arises at two loops instead of one-loop, as a result of the non-linearity of the 
symmetry. The mixed anomaly (9.5) depends on the scalar fields through the cur- 
rent J and corresponds to the J-dependent term in (8.11). Similarly, the anomaly 
(9.7) depends on the scalar fields through the currents T,T 2 ' corresponding to 
the T, T 2 ' terms in (8.12) which are also proportional to D + 2, and through the 
current J corresponding to the O(J) terms which were suppressed in (8.12). 

It should be stressed that the theory is regularised using the normal ordering 
prescription (8.4), and that the prescription (7.1) would not be sufficient to remove 
all the divergences from the path integral. For this reason, the anomaly corresponds 
to the algebra (8.12) written using the normal ordering (8.4) and so has a coefficient 
D + 2 as in (8.12), instead of the D — 2 that occurs in the algebra (8.14) that uses 
(7.1). 

For obvious reasons, the non-universal anomalies depending on the matter 
currents will be referred to as matter- dependent anomalies [55]. They do not arise 
for linearly realised symmetries but usually occur for non-linearly realised ones. 
The part of the anomaly (9.7) which is proportional to T can be cancelled by 

modifying the A-transformation of the field h by a term proportional to H(D + 

2)(— 3<9 + A<9 2 B + . . .) but the terms proportional to T 2,0 and J appear to be non- 
trivial anomalies. 

To check whether the anomalies are non-trivial, it is necessary to investigate 
whether they can be cancelled by adding finite local counterterms. Consider adding 
counterterms of the form [67, 73] 



"count 



- J d 2 x Vhaidlfth— + (Vhe ij dl(j) i d + (t) j + hfidl^B— (9.9) 
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to the W3 gravity action so that the gauge field term is now proportional to hT' + 
BW' where T', W' are the modified currents in (8.15). These appear to be the most 
general terms that can be added without introducing new fields or dimensionful 
couplings and which might affect the linearised anomaly. There are values of 
the coefficients ai,eij,fi that lead to a cancellation of all the matter-dependent 
anomalies (after appropriate modifications of the transformation rules) if and only 
if the number of bosons is D = 2, in which case czj = fi = and is proportional 
to eij. These were precisely the values that led to the current algebra which closes 
on T", W', : T'T' : [66]. Thus the conditions that the theory obtained by gauging 
the algebra generated by T', W' be free of matter-dependent anomalies are precisely 
the conditions that T' , W 1 generate a closed W-algebra (with the normal ordering 
prescription (8.4)). However, even in this case, there remain non-trivial universal 
anomalies. For D 7^ 2, the matter-dependent anomalies are non-trivial. 

9.4. Non-Linear Woo Gravity 

Chiral Wqq gravity is given by introducing the Noether coupling ^ n h n W n of 
the gauge fields h n to the currents (6.8) [11]. Integrating out the scalar field <fi 
gives contributions to the effective action of the form 



(for some coefficients a m ^ n ) and varying this under 5h n = d-\ n +. . . gives an infinite 
set of anomalies similar to those described for W3. There are matter-dependent 
anomalies for all spins higher than two, as all the higher spin symmetries are non- 
linearly realised. It was argued in [70] that all the matter-dependent anomalies can 
be cancelled by adding higher derivative counterterms similar to (9.9). The action 
with the counterterms now involves the coupling J2 n h n W' n where W' n are modified 
currents which are precisely the currents that generate the quantum algebra 
with c = — 2 [70]. There remain non-trivial universal anomalies (one for each spin), 
including a gravitational anomaly proportional to c = —2. These can cancel against 




m,n 
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ghost contributions, however, as will be seen in the next chapter. Unfortunately, 
this cancellation of anomalies does not seem to be possible for the realisations of 
Wqq in terms of more than one boson [67]. 

9.5. Anomalies and Current Algebras 

The previous examples are sufficient to illustrate the general principle that 
non-trivial anomalies arise if the corresponding current algebra closes classically 
but not quantum mechanically. In general the quantum current algebra is given 
to lowest order in h by applying the Dirac prescription to the classical algebra. 
However, there will in general be extra terms of order h 2 or higher and each of 
these terms corresponds to a term in the anomaly. 

The matter-dependent terms in the current algebra of order Ti or higher fall 
into two classes, depending on whether they involve only the currents Wa that 
occurred in the classical algebra (e.g. {Wa} = {T,W} for W%), or whether they 
introduce new currents into the algebra (e.g. J, T 2 ' for W3). Those which involve 
only the currents Wa do not affect the closure of the algebra but represent an 
^-dependent deformation of the classical W-algebra. The corresponding terms 
in the anomaly depend on the currents Wa- The classical action (4.7) involves 
the term A K a Wa and so these H^-dependent anomalies can be cancelled by 
modifying the gauge transformations of the gauge fields h A by ^-dependent terms. 
An example of this kind of term is the term proportional to T in (8.12), which 
leads to the term proportional to T in the anomaly (9.7); this term was cancelled 
by modifying the transformation of h 

Matter-dependent anomalies of this type were first found in [63] in models with 
a non-linearly realised local supersymmetry. For these models, there were universal 
anomalies as usual, together with a matter-dependent supersymmetry anomaly 
involving the stress-tensor T ++ . The matter-dependent anomaly could then be 
cancelled by modifying the supersymmetry transformation rule for the graviton 
h by appropriate ^-dependent terms. This corresponded to a deformation of 
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the classical symmetry algebra, which was of the form Q 2 = 0, where Q was the 
classical 'supercharge', to a quantum (1,0) supersymmetry algebra of the form 
Q 2 = HP, with P the chiral momentum [63]. 

If there are matter-dependent terms in the current algebra that involve new 
currents not in the classical algebra, then the quantum algebra does not close on 
the set of classical currents {W^a}. For example, the presence of T 2,0 in (8.12) 
means that the algebra does not close on the classical currents T, W. There are 
corresponding terms in the anomaly involving the new currents (e.g. the T 2,0 term 
in (9.7)) and these cannot be cancelled by modifying the transformation rules. 

One way of cancelling such matter-dependent anomalies is as follows [56] . The 
set of currents W a generate an algebra which closes classically but not quantum 
mechanically. One can introduce a (possibly infinite) set of new currents into the 
algebra until one obtains a quantum algebra (with generators Z m , say) which is 
closed up to central charge terms. For example, in the case of W3, one introduces 
T 2 ' as a generator, and then finds that the algebra generated by T, W, T 2,0 still 
does not close, and so one is led to introduce an infinite set of currents T n, ° = 
<9™ +1 J <9+0\ W m ' n >° = dijkd™(f) % d r i r (j)id + (j) k , . . . which do generate a closed quantum 
algebra. If instead of gauging the original W-algebra, one gauges the its quantum 
closure by introducing a gauge field corresponding to each of the generators Z m , 
then there will be no non-trivial matter-dependent anomalies and only the universal 
anomalies will remain [56]. 

Central charge terms in the algebra correspond to universal anomalies and these 
are non-trivial (i.e. anomalies which cannot be cancelled by local counterterms) 
if and only if the central extension is a non-trivial cocycle (i.e. one which cannot 
be absorbed into redefinitions of the generators). If the classical algebra had no 
central charges, the quantum generation of such terms means that the quantum 
algebra does not close on the original set of generators but requires the addition of a 
central charge generator. In this case, one can follow the approach outlined above 
and introduce a spin-zero gauge field which couples to the generator of central 
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charge gauge transformations [9], so that one is gauging an algebra which closes 
properly at the quantum level, not just up to central charge terms. However, it is 
more conventional not to do this, but instead to try and cancel the central charge 
terms against ghost contributions. 

9.6. Quantum W-Gravity 

The effective action for chiral gravity was given to lowest order by (9.1). For 
the non-chiral case, it is given instead by 



T = s " + D ii Ux 



<9 4 dt 
h —h + h++ — + . . . 



(9.10) 



to lowest order in the gauge fields. This is not gauge invariant, but can be made so 

by introducing the trace of the metric, , which transforms as 5h^ = d + k_ + 

d-k+ + . . ., and adding a finite local counterterm to (9.10), so that it becomes [1] 



T = S + D lI> 



24tt 



jd 2 x 






□ 



(9.11) 



where is the curvature scalar. This is gravitationally covariant, but not Weyl- 
invariant since it depends on the trace of the metric. Thus the gravitational 
anomaly has been cancelled at the expense of introducing a Weyl anomaly. Note 
that the integration over ghost fields shifts the coefficient D in these formulae to 
D-26. 

If D ^ 26, the action R^^R^ can be thought of as a non-local kinetic 
term for the two-dimensional metric, which becomes a dynamical field. In the 

conformal gauge, the metric is given in terms of the conformal mode (f>^ = h-\ 

and the action takes the local form <f)^D<f)^ [1]. In the chiral gauge, the action 
takes the non-local form h d / \_n~ 1 h [87]. 
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For W^-gravity, the universal spin-3 anomaly gives an extra contribution to the 
effective action, which is given to lowest order by 



d 2 x 



g6 Q6 

+ B +++ — B +++ + ... 
□ □ 



(9.12) 



In this case, there are several ways to introduce new variables and add finite local 
counterterms to cancel the W-gravity anomaly at the expense of introducing a W 
-Weyl anomaly [55,71]. As in chapter 6, one can introduce the traces B± + - for the 
spin-3 field B^ up , which can then be used to define the invariant curvature given 
to linearised order by [55] 

R (3) = e ^ e »P e PJ d ^ dpBa(]i (9.13) 

Then adding a finite local counterterm brings the action (9.12) to the form 
i?( 3 )^-i?( 3 ) which is invariant under the W-transformation 5B a p 7 = d^ a X^ + . . . 
but is anomalous under the W-Weyl transformations corresponding to shifts of the 

traces, 5B±-\ = Q± . In a generalisation of the conformal gauge, the traces B±-\ 

are written in terms of a scalar <p^> and the W^-gravity action takes the higher- 
derivative form 0( 2 )|H0( 2 ) +0( 3 )n 2 0( 3 )[55]. In a chiral gauge the action takes the 

form B d^n^B to lowest order in the gauge fields [55]. Further details, 

including non-linear corrections in the chiral gauge, are discussed in [64,69]. 

Instead of introducing the vector B^ , one can introduce a scalar x and define 

an invariant curvature 

#( 3 ) = d%B— + dl B +++ +n X [55]. This can be used 
to add finite local counterterms so that the action again takes the covariant form 
. This is not invariant under the W-Weyl transformation corresponding 
to shifts in x- 111 this case, the linearised conformal gauge Ws action takes the 
form 0( 2 )[]0( 2 ) +x^X which does not involve any higher derivative terms. Thus 
apparently inequivalent versions of quantum W-gravity can be obtained by using 
different ways of introducing conformal modes into the covariant theory [55]. For 
further discussion of quantum W-gravity, see [57,58,64,69]. 
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10. Quantum W -Gravity and W -Strings 



Consider first chiral W3 gravity. The gauge symmetries (4.4) can be used to 

gauge away the gauge fields and impose the gauge conditions h = B = 0, 

or to impose a background gauge h = h , B = B for some fixed 

background gauge fields h , B * In doing so, it is necessary to introduce 

the usual gravitational conformal ghosts ft ++ ,c_ together with their spin-three 

counterparts u +++ , v The Faddeev-Popov method cannot be used as the gauge 

algebra does not close off-shell, but the more general methods of Batalin and 
Vilkovisky [88] can, and yield the following gauge-fixed action [4] 



T'f l + = b ++ d+c_ + d+ (b ++ c_) + u +++ d+v__ + 2d+ (u +++ v__) 
W° h ++ = 2u +++ d + c- + d+ (u +++ c_) + (b ++ d+v—)T++ + d + (b ++ v—T ++ ) 



Integration over the ghost fields as well as the matter fields gives further con- 
tributions to the anomalies of section 9.3, and also gives new matter-dependent 
anomalies which depend on the ghosts instead of the matter fields [65,67]. The 
ghosts change the coefficient of the gravitational anomaly (9.2) from D to D — 100 
and change the coefficient of the T 2,0 term in (9.7) from D + 2 to D — 2 [65]. This 
latter change is particularly striking, as it is similar to the change from the algebra 
(8.12) to the algebra (8.14). 

The next step is to attempt to cancel the anomalies by adding finite local 
counterterms. The current W 9h is primary with respect to T gh but is only primary 

* Strictly speaking, the gauge fields cannot be gauged away completely in general, but can be 
set equal to quadratic and cubic differentials respectively. The integration over the gauge 
fields then reduces to an integration over these spaces of differentials, which constitute the 
moduli space for W3 gravity. 




(10.1) 



where the ghost spin two and three currents are 



(10.2) 
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with respect to the total energy-momentum T + T gh if it is modified to give [4] 

fir 

w gh = w gh + m ^_ 2u(9 3 b _ 9d+vd ^ b + i 5 d + bdl v + lObdlv]. (10.3) 
192 

The relation between current algebras and anomalies described in the last section 
suggests replacing W gh with W gh in (10.1) in order to avoid mixed anomalies. The 
analysis of the last chapter suggests adding background charges so that the matter 
currents T, W are replaced by the currents (8.15). It then remains to see whether 
the free coefficients can be chosen so that the anomalies cancel [67]. Remarkably 
all the anomalies are cancelled by ghost contributions and the effective action 
satisfies the BRST Ward-identities if and only if the currents T', W' are chosen so 
that they generate Zamolodchikov's W% algebra with c = 100 [73] and for these 
theories the nilpotent BRST charge is precisely the Ws BRST charge given in [53] . 
This analysis can be extended to non-chiral W3 gravity with the result that the 

anomalies cancel if the currents T ++ ,W +++ and T , W in the action (4.6) 

generate two copies of the c = 100 W3 algebra [73]. Thus the c = 100 realisations 
of W$ that were constructed in [32] can be used to define critical W3 strings for 
which all the anomalies cancel and the integration over gauge fields reduces to an 
integration over moduli. 

The spectrum of the W3 string has been discussed in [60,72-85]. The matter 
sector of a W3 string using the Romans realisation is given by a free boson cf> with 
background charge a and stress tensor given by (8.16), where a 2 = — e49/16, 
and an effective CFT, realised in terms of a set of fields X\ say, with central 
charge c = 25^. (For example, the X % could consist of 25 bosons and one fermion, 
or d bosons, one of which has a background charge.) In addition, there are ghost 
variables, b,c,u,v. For a closed W3 string, the Hilbert space factorises as usual 
into a tensor product of the Hilbert space of left-moving states with that of right- 
moving states, and it will be convenient here to focus on the left-movers, say. The 
right-movers can be treated similarly. The Hilbert space H of left-movers is then 
the product of the single-boson Fock space with the Hilbert space of the effective 
conformal field theory, H, H = F^® H. 
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The physical states of the theory are the BRST cohomology classes, i.e. those 
states >= \(f),X,b,c,u,v > that are annihilated by Q, Q\$ >= 0, modulo 
BRST trivial states, >~ > +Q\x >■ The standard ghost vacuum is 
|Q >= cit>it>2|0 >, where |0 > is the SL(2, C)-invariant vacuum, and we will 
fix conventions so that the ghost-number of \Q > is zero. Consider states based 
on this vacuum without ghost excitations, i.e. states of the form \(f>,X > ®|Q >. 
Then the state |0, X > must satisfy 

(L O -4)|0,X> = O, 

W \<j ) ,X> = 0, (10.4) 
L n \(P,X >=W n \<f>,X > = 0, n>l 

The only non-trivial physical states satisfying these conditions are of the form 

|0,X>=e^|phys> eff (10.5) 

where |phys > c ff involves only the X % fields and not 0. (It is not clear whether or 
not it is appropriate to interpret (5 as an imaginary momentum.) The physical-state 
conditions (10.4) imply that 

W + a)(p+^ =0, (10.6) 

(where a is the background charge for 0) together with the effective physical-state 
conditions: 

(L Q - A)|phys > efr = 0, 

(10-7) 

L n |phys > e fT = 0, n > 1 

where L n are the modes of the effective stress-tensor T. The value of the effective 
intercept A is 1 when (3 = — |a or — |a, and it equals || when (3 = —a. Thus 
these physical states of the W3 string can be constructed from the effective field 
theory with variables X and central charge 25^ and fall into two classes; the first 
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consists of a string-like spectrum with intercept 1, while the second consists of a 
string-like spectrum with intercept The first of these gives a spectrum similar 
to that of the usual bosonic string, and leads to the standard massless closed string 
spectrum; for example, if the X 1 are d bosons with background charge dj, so that 
T = |(<9 + X) 2 + a_<9+X*, the massless spectrum consists of a graviton, dilaton 
and antisymmetric tensor in a background flat space in which the dilaton has an 
expectation value which varies linearly with one of the coordinates, < <9j$ >oc aj, 
corresponding to the background charge. The second class leads only to massive 
states; both sectors include a tachyon. 

A similar picture extends to Wn strings [76], in which a matter system which 
is a realisation of Wn with critical central charge c* N given by (7.12) is formed by 
adding N — 2 free bosons 4> a (a = 1, . . . , N — 2) with background charge to an 
effective CFT with stress tensor T and central charge c, where 

With the conventional choice of ghost vacuum with ghost number zero, it is found 
that the extra N — 2 bosons are all frozen out of the spectrum, in the sense that the 
physical states (in the standard ghost vacuum) all take the form |phys > e ff 
and the 'imaginary momenta' f3 a can only take on discrete values. The effective 
CFT states |phys > e fr are subject to the constraints (10.7) where the intercept A 
must take one of the values 

A = 1 -mNTTy * = 1 - 2 (10 ' 9) 

with different values of the 'imaginary momenta' j3 a leading to different values of 
the intercept A. It is rather striking that (10.8) can be written as 

C = 26 -Cjv-mm (10.10) 

where CN-min is the central charge of the p = N minimal model, given by (7.7) 
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and that (10.9) can be written as 

A = l-h% k (10.11) 

where h^ s are the weights of the iV'th minimal model, given by (7.8). This suggests 
a close relation between Wn strings and the iV'th minimal model, and that there 
might be a sense in which the Wn string is obtained as some kind of 'coset' of the 
usual c = 26, h — 1 string by the iV'th minimal model. 

However, this is not the end of the story, as it turns out that the Wn string, 
unlike the usual bosonic string, has extra physical states with non-zero ghost num- 
ber [79-84]. It seems that these lead to extra propogating states in the effective 
CFT with intercepts 

A = 1 - (10.12) 

for k 7^ I, so that there are contributions from all the states of the iV'th minimal 
model. Furthermore, it seems that these states are essential for unitarity [83] and 
modular invariance [80]. 

Similar critical strings can be defined for other W-algebras. For the linearly 
realised Wqq gravity of section 9.2, the quantum gauge algebra is Wqq with c = 2D, 
while for the non-linearly realised Woo gravity of section 9.4, the quantum gauge 
algebra is W^ with c = — 2 after the cancellation of the matter-dependent anoma- 
lies. In both cases, the integration over the ghost fields does not introduce any 
new matter-dependent anomalies, so the theories will be anomaly free if and only 
if the ghost contributions to the universal anomalies cancel the matter contribu- 
tions. The ghost contributions to the anomalies are given by a divergent sum, 
which can be regularised and summed using the zeta-function technique [62] and 
the anomalies will then cancel only if the matter central charge is c = —2. Thus 
for the linear realisation, the anomalies do not cancel for any value of the number 
of bosons D, but for the one-boson non-linear realisation, all the anomalies cancel 
[70] (if the zeta-function trick is used) and a critical W^ string appears to emerge. 
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Much work remains to be done to see whether these W-string theories can 
be extended to full string theories on the same footing as conventional strings 
and superstrings. Recent work [80,83] has gone a long way towards constructing 
consistent interactions for W3 strings, but it is not yet clear how to give them 
a sensible space-time interpretation. Nevertheless, it is indeed a striking result 
that the standard string theory, which is based on the Virasoro algebra, has a 
generalisation to W-string theories based on W-algebras, giving an infinite set of 
new string theories. Whether or not they will have important physical implications 
is not yet clear, but it seems likely that the mathematical structure of these theories 
will continue to fascinate researchers for some time to come. 

REFERENCES 

1. A.M. Polyakov, Phys. Lett. 103B (1981) 207,211. 

2. A.A. Belavin, A.M. Polyakov and A.B. Zamolodchikov, Nucl. Phys. B241 
(1984) 333. 

3. P. Bouwknegt and K. Schoutens, CERN preprint CERN-TH.6583/92, to 
appear in Physics Reports. 

4. CM. Hull, Phys. Lett. 240B (1990) 110. 

5. K. Schoutens, A. Sevrin and P. van Nieuwenhuizen, Phys. Lett. 243B (1990) 
245. 

6. CM. Hull, Nucl. Phys. 353 B (1991) 707. 

7. CM. Hull, Phys. Lett. 259B (1991) 68. 

8. K. Schoutens, A. Sevrin and P. van Nieuwenhuizen, Nucl.Phys. B349 (1991) 
791 and Phys.Lett. 251B (1990) 355. 

9. CM. Hull, Nucl. Phys. 364 B (1991) 621. 

10. CM. Hull, in Strings and Symmetries 1991, ed. by N. Berkovits et al, World 
Scientific, Singapore Publishing, 1992. 



GO 



11. E. Bergshoeff, C.N. Pope, L.J. Romans, E. Sezgin, X. Shen and K.S. Stelle, 
Phys. Lett. 243B (1990) 350 

12. E. Bergshoeff, C.N. Pope and K.S. Stelle, Phys. Lett. 249B (1990) 208. 

13. A. Mikovic, Phys. Lett. 260B (1991) 75. 

14. A. Mikovic, Phys. Lett. 278B (1991) 51. 

15. CM. Hull, Phys. Lett. 269B (1991) 257. 

16. CM. Hull, W-Geometry, QMW preprint, QMW-92-6 (1992), [Eep= 
th/9211113| , to appear in Commun. Math. Phys.. 



17. CM. Hull, 'The Geometric Structure of Wn Gravity', in preparation. 

18. A.B. Zamolodchikov, Teor. Mat. Fiz. 65 (1985) 1205. 

19. V.A. Fateev and A.B. Zamolodchikov, Nucl. Phys. B280 (1987) 644. 

20. V.A. Fateev and S. Lykanov, Intern. J. Mod. Phys. A3 (1988) 507. 

21. A. Bilal and J.-L. Gervais, Phys. Lett. 206B (1988) 412; Nucl. Phys. B314 
(1989) 646; Nucl. Phys. B318 (1989) 579; Ecole Normale preprint LPTENS 
88/34. 

22. K. Li, Caltech preprint CALT-68-1724 (1991). 

23. P. Bouwknegt, Phys. Lett. 207B (1988) 295. 

24. K. Hamada and M. Takao, Phys. Lett. 209B (1988) 247; Erratum Phys. 
Lett. 213B (1988) 564. 

25. J.M. Figueroa-O'Farrill and S. Schrans, Phys. Lett. 245B (1990) 471. 

26. I. Bakas, Phys. Lett. 228B (1989) 57 and Maryland preprint MdDP-PP-90- 
033. 

27. C.N. Pope, L.J. Romans and X. Shen, Phys. Lett. 236B (1990) 173; Nucl. 
Phys. B339 (1990) 191. 

28. E. Witten, Commun. Math. Phys. 92 (1984) 455. 

61 



29. F. Bais, P. Bouwknegt, M. Surridge and K. Schoutens, Nucl. Phys. B304 
(1988) 348, 371. 

30. J. Thierry-Mieg, Lectures given at the Cargese School on Non-Perturbative 
QFT, (1987). 

31. M. Giinaydin, G. Sierra and PK. Townsend, Nucl. Phys. B242 (1984) 244 
and Nucl. Phys. B253 (1985) 573. 

32. L.J. Romans, Nucl. Phys. B352 829. 

33. R.D. Schafer, J. Math. Mech. 10 (1) (1969) 159. 

34. P. Howe and G. Papadopolous, Phys. Lett. B267 (1991) 362, Phys. Lett. 
B263 (1991) 230 and QMW preprints. 

35. Bastianelli, Mod. Phys. Lett. A6 (1991) 425. 

36. E. Witten, in Proceedings of the Texas A& M Superstring Workshop, 1990, 
ed. by R. Arnowitt et al, World Scientific Publishing, Singapore, 1991. 

37. A. Bilal, Phys. Lett. 249B (1990) 56; A. Bilal, V.V. Fock and LI. Kogan, 
Nucl. Phys. B359 (1991) 635. 

38. G. Sotkov and M. Stanishkov, Nucl. Phys. B356 (1991) 439; G. Sotkov, M. 
Stanishkov and C.J. Zhu, Nucl. Phys. B356 (1991) 245. 

39. J.-L. Gervais and Y. Matsuo, Phys. Lett. B274 309 (1992) and Ecole 
Normale preprint LPTENS-91-351 (1991); Y. Matsuo, Phys. Lett. B277 95 
(1992) 

40. P. Di Francesco, C. Itzykson and J.B. Zuber, Commun. Math. Phys. 140 
543 (1991). 

41. J.M. Figueroa-O'Farrill, S. Stanciu and E. Ramos, Leuven preprint KUL- 
TF-92-34. 

42. B. Riemann, (1892) 'Uber die Hypothesen welche der Geometrie zugrunde 
liegen', Ges. Math. Werke, Leibzig. 



62 



43. H. Rund, 'The Differential Geometry of Finsler Spaces', Nauka, Moscow 
(1981); G.S. Asanov, 'Finsler Geometry, Relativity and Gauge Theories', 
Reidel, Dordrecht (1985). 

44. R. Penrose, Gen. Rel. and Grav., 7 (1976) 31. 

45. T. Aubin, Non-Linear Analysis on Manifolds. Monge-Ampere Equations, 
Springer Verlag, New York, 1982. 

46. J.F. Plebanski, J. Math. Phys. 16 (1975) 2395. 

47. R. Penrose, Gen. Rel. and Grav., 7 (1976) 31. 

48. U. Lindstrom and M. Rocek, Nucl. Phys.B222 (1983) 285. 

49. N. Hitchin, A. Karlhede, U. Lindstrom and M. Rocek, Commun. Math. 
Phys. 108 (1987) 535. 

50. Q-Han Park, Phys. Lett. 236B (1990) 429, 238B (1990) 287 and 257B 
(1991) 105; K. Yagamishi and G.F. Chapline, Class. Quantum Grav., 8 
(1991) 427 and Phys. Lett. 259B (1991) 463. 

51. A. Strominger, Commun. Math. Phys. 133 (1990) 163. 

52. I. Bakas and E. Kiritsis, Nucl. Phys. B343 (1990) 185. 

53. J. Thierry-Mieg, Phys. Lett. 197B (1987) 368. 

54. K. Schoutens, A. Sevrin and P. van Nieuwenhuizen, Commun. Math. Phys. 
124 (1989) 87. 

55. CM. Hull, Nucl. Phys. B367 (1991) 731. 

56. CM. Hull, Phys. Lett. 259B (1991) 68. 

57. M. Awada and Z. Qiu, Phys. Lett. 245B (1990) 85 and Florida preprints 
(1990); M. Berschadsky and H. Ooguri, Commun. Math. Phys. 126 (1989) 
49; P. Mansfield and B. Spence, ITP preprint (1990) NSF-ITP-90-242; J. 
Pawelczyk, Phys. Lett. 255B (1991) 330. 

58. Y. Matsuo, Phys. Lett. 227B (1989) 209. 



G3 



59. Y. Matsuo, in the proceedings of the meeting 'Geometry and Physics', Lake 
Tahoe (1989). 

60. A. Bilal and J.-L. Gervais, Nucl. Phys. B326 (1989) 222. 

61. K. Li and C.N. Pope, Class. Quantum Grav. 8 (1991) 1677. 

62. K. Yagamishi, Phys. Lett. 266B (1991) 370; C.N. Pope, L.J. Romans and 
X. Shen, Phys. Lett. 254B (1991) 401. 

63. S.J. Gates, PS. Howe and CM. Hull, Phys. Lett. 227B (1989) 49. 

64. K. Schoutens, A. Sevrin and P. van Nieuwenhuizen, Nucl. Phys. B364 (1991) 
584. 

65. K. Schoutens, A. Sevrin and P. van Nieuwenhuizen, in Proceedings of 1991 
Miami Workshop, (Plenum, New York, 1991). 

66. C. M. Hull and L. Palacios, Mod. Phys. Lett. 6 (1991) 2995. 

67. CM. Hull, QMW preprint QMW/PH/91/14 (1991), to appear in Intern. J. 
Mod. Phys.. 

68. P. Mansfield and B. Spence, Phys. Lett. B258 (1991) 49. 

69. K. Schoutens, A. Sevrin and P. van Nieuwenhuizen, Nucl. Phys. B364 (1991) 
584 and B371 (1992) 315; H. Ooguri, K. Schoutens, A. Sevrin and P. van 
Nieuwenhuizen, Commun. Math. Phys. 145 (1992) 515. 

70. E. Bergshoeff, PS. Howe, C.N. Pope, E. Sezgin, X. Shen and K.S. Stelle, 
Nucl. Phys. B363, (1991) 163. 

71. A. Ceresole, M. Frau and A. Lerda, Phys. Lett. 265B, (1991) 72. 

72. S.R. Das, A. Dhar and S.K. Rama, Mod. Phys. Lett. A6 (1991) 3055; Int. 
J. Mod. Phys. A7 (1992) 2295 

73. C.N. Pope, L.J. Romans and K.S. Stelle, Phys. Lett. 268B (1991) 167 and 
269B (1991) 287. 

64 



74. C.N. Pope, L.J. Romans and K.S. Stelle, Texas A & M preprint, CTP 
TAMU-68/91. 

75. C.N. Pope, L.J. Romans, E. Sezgin and K.S. Stelle, Phys. Lett. B274 (1992) 
298. 

76. H. Lu, C.N. Pope, S. Schrans and K.W. Xu, Nucl. Phys. B385 (1992) 99. 

77. H. Lu, C.N. Pope, S. Schrans and X.J. Wang, Nucl. Phys. B379 (1992) 47. 

78. H. Lu, B.E.W. Nilsson, C.N. Pope, K.S. Stelle and PC. West, "The low-level 
spectrum of the W 3 string," preprint CTP TAMU-64/92, |hep-th/92120T7 . 

79. C.N. Pope, E. Sezgin, K.S. Stelle and X.J. Wang, "Discrete states in the W 3 
string," preprint, CTP TAMU-64/92, |hep-th/9209TTTl , to appear in Phys. 
Lett. B. 

80. P.C. West, "On the spectrum, no ghost theorem and modular invariance of 



W 3 strings," preprint KCL-TH-92-7, |hep-th/92120H . 

81. H. Lu, C.N. Pope, S. Schrans and X.J. Wang, "The interacting W$ string," 
preprint CTP TAMU-86/92, KUL-TF-92/43, |hep-th/9212117 . 



82. C.N. Pope and X.J. Wang, "The ground ring of the W3 string," preprint 
CTP-TAMU-3/93, to appear in the proceedings of the Summer School in 
High-Energy Physics and Cosmology, Trieste 1992. 

83. H. Lu, C.N. Pope, S. Schrans and X.J. Wang, Texas A & M preprint, CTP 
TAMU-4/93. 

84. S.K. Rama, Mod. Phys. Lett. A6 (1991) 3531. 

85. K.S. Stelle, "W3 strings," in proceedings of the Lepton-Photon/HEP Con- 
ference, Geneve 1991 (World Scientific, Singapore, 1992). 

86. M.D. Freeman and P.C. West, "W3 string scattering," preprint, KCL-TH- 
92-4, |hep-th/9210134 . 



87. A.M. Polyakov, Mod. Phys. Lett. A2 (1987) 443. 



G5 



88. LA. Batalin and G.A. Vilkovisky, Phys. Lett. 102B (1981) 27 and Phys. 
Rev. D28 (1983) 2567. 

89. PS. Howe, U. Lindstrom and P. White, Phys. Lett. 246B (1990) 430. 

90. F. Bastianelli, Phys. Lett. 263B (1991) 411. 



66 



